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Abstract 

In this article a new C*-algebra derived from the basic quantum variables: holonomies along paths and 
group-valued quantum flux operators in the framework of Loop Quantum Gravity is constructed. This 
development is based on the theory of cross-products and C*-dynamical systems. In [9] the author 
has presented a set of actions of the flux group associated to a surface set on the analytic holonomy 
C**-algebra, which define C*-dynamical systems. These objects are used to define the holonomy-flux 
cross-product C*-algebra associated to a surface set. Furthermore surface-preserving path- and graph- 

"^-n diffeomorphism-invariant states of the new C*-algebra are analysed. Finally the holonomy-flux cross- 

product C*-algebra is extended such that the graph-diffeomorphisms generate among other operators 

y—i the holonomy-flux-graph-diffeomorphism cross-product C*-algebra associated to a surface set. 
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1 Introduction 

In [HI [7] the quantum configuration variables, the quantum momentum variables and the spatial diffeomor- 
phisms have been introduced briefly. These objects have been used to define the Weyl C* -algebra for surfaces 
in [51 [7] . In this article the quantum variables are presented in section [2] The quantum configuration vari- 
ables are holonomies along paths in a graph. The finite set of subgraphs of a graph forms a finite graph 
system. The configuration space is denoted by At and is naturally identified with G' r ' , where G is the 
structure group of a principal fibre bundle P(E,G,ir) and |T| denotes the number of independent edges of 
the graph T. For generality it is assumed that, the structure group G is a unimodular locally compact group. 
The quantum momentum variables are given by the group-valued quantum flux operators, which depend on 
a surface and a graph. For a certain surface set these operators form a group, which is called the flux group 
associated to a surface set and a graph and which is denoted by Gg r . For a certain fixed surface set this 
group is identified with G M , where M < \T\. 

The Weyl algebra of Quantum Geometry [5] or the Weyl algebra for surfaces [S],[7| Chapt. 6] are not the 
only C* -algebras which will be constructed from the quantum configuration and momentum operators of the 
theory of Loop Quantum Gravity. The significant choice for a construction of the Weyl algebra for surfaces 
was the requirement of the group-valued quantum flux operators to be unitary Hilbert space operators. If 
this choice is not made, then the flux operators can be represented on a Hilbert space by the generalised 
group-valued quantum flux operators, which are given by the integrated representations of the flux group 
associated to a surface set. In this article even more general objects, which are given by algebra-valued 
functions depending on the flux group associated to a surface set, are introduced. The algebras are derived 
from these objects are cross-product C*-algebras, which have been studied intensively by Williams [26) . 
Hewitt and Ross i6j or Pedersen [TS]. For a short overview refer to Blackadar (3J. 

Algebras derived from either quantum configuration or momentum variables 

Let G be a locally compact unimodular group. To start with consider the quantum momentum space, which 
contains all flux groups associated to surfaces. A certain flux group Gg r associated to a fixed surface set 

S can be identified with G' r '. Then the following algebras are studied in section [3] The convolution flux 
* -algebra C(G § r ) associated to a surface set and a graph. This algebra is for a in general a non-commutative 
*-algebra. Moreover, the flux group C* -algebra C*(Gg r ) associated to a surface set and a graph is derived 
from the generalised group-valued quantum flux operators. Finally, a particular cross-product G*-algebra is 
given by the flux transformation group C* -algebra C* (Gg r , Gg T ) associated to a surface set and a graph, 
which contains algebra- valued functions on the flux group G^ r . 

It is assumed that, the configuration space At restricted to a fixed graph system Vt is naturally identified 
with G' r '. Then the convolution holonomy * -algebra C(At) associated to a graph, the non-commutative 
holonomy C* -algebra C* {At) associated to a graph and the heat-kernel holonomy C* -algebra C*(At,At) 
associated to a graph is introduced. Note that, the analytic holonomy G* -algebra C(Ar) differs from the 
non-commutative holonomy G*-algebra C*{Ar) in the multiplication operation and involution. 

The construction of cross-products for the quantum configuration variables restricted to a graph is related to 
the observation, which has been noticed by Ashtekar and Lewandowski [2]. In the context of heat kernels the 
authors Lewandowski and Ashtekar [2, section 6.2] have presented an object, which can be understood as a 
generalised heat kernel representation irf of the non-commutative holonomy G*-algebra C*(At) associated 
to a graph V on the Hilbert space %t '■= L 2 (At , d /it) ■ This representation is given by 




(1) 



Pt,T * IpT 



where f)r, f)r are two different holonomies along paths of a graph T, p t ,T G C*(At) and t[>r €E %t- 
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The inductive limit of the inductive family {C* {Ar), flr,r'} 01 C* -algebras is called the non-commutative 
holonomy C* -algebra C*(A). Furthermore the inductive limit G*-algebra of the inductive family 
{C* (Ar, Ar), Pr,T'} is called the heat-kernel holonomy C* -algebra C*(A,A). 



Algebras derived from quantum configuration and momentum variables 

In section [4] algebras are constructed from holonomy along paths and group- valued quantum fluxes by using 
C* -dynamical systems. The concept of C* -dynamical systems in LQG has been introduced in [Hid). m 
particular the analytic holonomy C* -algebra restricted to a finite graph system Vr and an action a of a 
certain flux group Gg r associated to a surface set S on this algebra, form a C*-dynamical system. In this 
article different holonomy- flux cross-product C* -algebras associated to certain surface sets are constructed 
for these C* -dynamical systems. 

Then the holonomy-flux cross-product C* -algebra Cq(Ay) x a G^ r associated to a surface set and a graph 
contains Go(-4r)-valued functions depending on the flux group G § r . Let G be a compact group. Then there 
is an limit C*-algebra of the inductive family {C(Ar) x a Gg r ,0r,r'}, which is called the the holonomy-flux 
cross-product C* -algebra C(A) x a Gg associated to a surface set. 

Since there are many different C*-dynamical systems presented in [HI [7], there are a lot of different holonomy- 
flux cross-product C*-algebras associated to suitable surface sets. These algebras are compared with the Weyl 
G*-algebra for surfaces in section [6j In particular in theorem 4.12 it is proved that, the multiplier algebra 



of the holonomy-flux cross-product C* -algebra associated to a certain surface set and a graph T contains all 
operators, which are contained in the other cross-product G*-algebras asociated to suitable surface sets and 
the graph T, in the analytic holonomy C*-algebra restricted to the finite graph system Vr and all Weyl 
elements for suitable surface sets and the graph T. 

All algebras presented in the previous paragraphs are constructed from the basic quantum variables, which 
are given by the holonomy along paths and the group-valued quantum fluxes. Hence they are possible 
algebras of a quantum theory of gravity. 

Simplified algebras derived from certain quantum configuration and momentum variables 

If both quantum variables: the quantum configuration and momentum variables restricted to a fixed graph 
r and a fixed suitable surface set S are considered simultaneously, then the following simplifications can be 
studied. 



In section |3.2| the flux transformation C*-algebra associated to a surface set and a graph is presented. 
Similarly the flux group of a fixed graph T and a fixed suitable surface set S and the configuration space Ar 
are identified with G' r ' . Hence in both cases the cross-product C*-algebras are simplified to Go(G' r ') xi Q G' r '. 



Then it is verified in theorem 



3.9 



that the cross-product C*-algebra Go(G' r ') xi Q G' r ' is Morita equivalent 
to the G*-algebra of compact operators on the Hilbert space L 2 (G' r ', fj,r), where /ir denotes the product of 
Haar measures. Therefore the representation theory of both G*-algcbras is the same and, hence, there is 
only one irreducible representation of the cross-product G*-algebra up to unitary equivalence. 

But this identification is only true for certain surface sets. The cross-product G*-algebra is derived from the 
quantum momentum variables, which depend on different surface sets. In particular the flux group associated 
to a suitable surface set is identified with a product group G M where M < \T\. Then there exists a purely 
left (or right) action of G M on the G*-alg ebra C (G^). For M < \T\ a Morita equivalent G*-algebra is 



not found in this project. In theorem 3.10 a Morita equivalent algebra for the G*-algebra Go(G JV ) x Q G M 
whenever N < M, is given. 

In this article the general case of arbitrary surfaces is studied. Hence the quantum configuration and the 
momentum variables of the theory are manifestly distinguished from each other. The quantum configuration 
variables only depends on graphs and holonomy mappings, whereas the quantum momentum variables 
depend on graphs, maps from graphs to products of the structure group and the intersection behavior of 
the paths of the graphs and surfaces. But nevertheless the elements of the holonomy-flux cross-product 
G*-algebra are understood as compact operators on the flux group associated to a surface set with values in 
the analytic holonomy C* -algebra restricted to a graph, which are acting on the Hilbert space L 2 (Ar, Hr)- 



3 



States of algebras derived from certain quantum configuration and momentum variables 



There exists several inductive limit holonomy-flux cross-product C*-algebras, which are given by the induc- 
tive families of holonomy-flux cross-product C*-algebras associated to graphs and a suitable surface set. The 
states on these algebras always depend on the choice of the surface set and, hence, they are not path- or 
graph-diffeomorphism invariant. 



Algebras derived from quantum configuration and momentum variables and quantum spatial 
diffeomorphisms 



In the last paragraphs new C* -algebras of a special kind have been constructed. All these algebras are 
based on new operators, which are more general than group-valued quantum flux operators and which take 
in particluar values in the analytic holonomy C* -algebra. Until now the quantum diffeomorphisms are 
implemented only as automorphisms on these algebras. In section [5] one of the previous algebras is extended 
such that functions on the group of bisections of a finite graph system to the holonomy-flux cross-product 
C*-algebra, form this new C*-algebra. 

The cross-product C*-algebra construction is particularly based on C*-dynamical systems. In the article [9j 
Section 3. 2], [Jj Section 6.2] it has been argued that, the action of the group of bisections of a finite graph 
system on the analytic holonomy C*-algebra restricted to a finite graph system defines a C*-dynamical 
system, too. Furthermore there is also an action of the group of certain bisections of a finite graph system 
on the holonomy-flux cross-product C*-algebra associated to the surface set S and a graph. These objects 
define another C*-dynamical system and a new cross-product C*-algebra, which is called the holonomy-flux- 
graph-diffeomorphism cross-product C* -algebra. 

There exists a covariant representation of this C*-dynamical system on a Hilbert space. This pair is given 
by a unitary representation of the group of surface-orientation-preserving bisections of a finite graph system 
on the Hilbert space T-Lr and the multiplication representation $m of the analytic holonomy C*-algebra 
restricted to the finite graph system Vr on %y- The unitaries are called the unitary bisections of a finite 
graph system and surfaces in the project AQV. Then each unitary bisections of a finite graph system and 
surfaces is contained in the multiplier algebra of the holonomy-flux- graph-diffeomorphism cross-product C* - 
algebra associated to a graph and the surface set. The remarkable point is that the multiplier algebra of the 
holonomy-flux cross-product C*-algebra associated to a graph and the surface set does not contain these 
unitaries. 

In general the multiplier algebra of the holonomy-flux cross-product C*-algebra associated to a fixed surface 
set contains all operators of holonomy-flux cross-product C*-algebra for other suitable surface sets, elements 
of the analytic holonomy C*-algebra and all Weyl elements associated to other suitable surface sets. The 
Weyl C*-algebra for surfaces contains elements of the analytic holonomy C*-algebra and all Weyl elements. 
The multiplier algebra of the holonomy-flux cross-product C* -algebra associated to the surface set S con- 
tains the Weyl algebra for suitable surface sets. The Lie algebra-valued quantum flux operators and the 
right-invariant vector fields are affiliated with the holonomy-flux cross-product C*-algebra, but they are not 
affiliated with the Weyl C*-algebra for surfaces. For a detailed overview about the multiplier algebras and 
affiliated elements with the C*-algebras of quantum variables refer to [7J table 11.6]. 



2 The basic quantum operators 

2.1 Finite path groupoids and graph systems 

Let c : [0, 1] — > E be continuous curve in the domain [0, 1], which is (piecewise) C fe -differentiable (1 < k < oo), 
analytic (fc = cj) or semi-analytic (k — slu) in [0, 1] and oriented such that the source vertex is c(0) = s(c) 
and the target vertex is c(l) = t(c). Moreover assume that, the range of each subinterval of the curve c is a 



submanifold, which can be embedded in E. An edge is given by a reparamctrisation invariant curve of class 
(piecewise) C k . The maps ss,fe : PS — > E where PE is the path space are surjective maps and are called 
the source or target map. 
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A set of edges {ei}i = i jy is called independent, if the only intersections points of the edges are source 
ss(ei) or is(ei) target points. Composed edges are called paths. An initial segment of a path 7 is a path 
71 such that there exists another path 72 and 7 = 71 o 72. The second element 72 is also called a final 
segment of the path 7. 

Definition 2.1. A graph T is a union of finitely many independent edges {ei}i=i,...,N f° r N G N. The set 
{ei,...,ejv} is called the generating set for T. The number of edges of a graph is denoted by \T\. The 
elements of the set Vr := {ss(e/j), ts(e/b)}fc=i ...,jv of source and target points are called vertices. 

A graph generates a finite path groupoid in the sense that, the set Vr^ contains all independent edges, their 
inverses and all possible compositions of edges. All the elements of VyTj are called paths associated to a graph. 
Furthermore the surjective source and target maps ss and is are restricted to the maps s,t : Vr^ Vr, 
which are required to be surjective. 

Definition 2.2. Let T be a graph. Then a finite path groupoid T'r'E over Vr is a pair (T'r'E, Vr) of finite 
sets equipped with the following structures: 

(i) two surjective maps s,t : Vr^ ^ Vr, which are called the source and target map, 

(ii) the set V r ^ 2 := {(7i,7j) G V r Z x 7> r £ : t( 7l ) = 3(7,-)} of finitely many composable pairs of paths, 
(Hi) the composition o : 7-p£ — > Vr^, where (7i,7j) H > 7j 7j, 

(iv) the inversion map 7$ \-t 7~ 1 of a path, 

(v) the object inclusion map 1 : Vr —¥ Vr^ and 

(vi) Vt^j is defined by the set Vr^ modulo the algebraic equivalence relations generated by 

7" 1 o 7i ~ l s(7i) and 7, o jr 1 ~ l t(7i) (2) 

Shortly write "Pr^ I Vr . 

Clearly, a graph T generates freely the paths in "PrS- Moreover the map s X t : "PrS — » Vr x Vr defined by 
(s x t)(j) = (s(7),t(7)) for all 7 6 "PrS is assumed to be surjective (Vr^ over Vr is a transitive groupoid), 
too. 

A general groupoid G over G° defines a small category where the set of morphisms is denoted in general 
by G and the set of objects is denoted by G . Hence in particular the path groupoid can be viewed as a 
category, since, 

• the set of morphisms is identified with Vr^, 
■ the set of objects is given by Vr (the units) 

From the condition ^ it follows that, the path groupoid satisfies additionally 

(i) s(7j o7 3 -) = s(7i) and t(ji ° ~fj) = tfrj) for every (7,-, 7,) G V^T, 

(ii) s(v) = v = t{v) for every v G Vr 

(iii) 7 o l s ( 7 ) = 7 = lf( 7 ) 7 for every 7 6 "Pr^- and 

(iv) 70 (7f oTj-) = ( 7 o 7i ) o 7j - 

(v) 7 o (7- 1 o 7i) = 71 = (71 o 7) o 7- 1 



The condition (iii) implies that the vertices are units of the groupoid. 
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Definition 2.3. Denote the set of all finitely generated paths by 

P r S (n) := {(71, -,77.) e V T x ...P r : (7i,7i+i) G ?> (2) , 1 < * < n - 1} 
TTie ser; 0/ paths with source point i) e lr is given by 

Tfte se£ 0/ pat/is wzi/i target point v £ Vr is defined by 

Vv^v ~t-\{v}) 
The set of paths with source point v e Vr and target point u £ Vr is 

VrK ~VrV v nVrVu 

A graph T is said to be disconnected if it contains only mutually pairs (7i,7j) of non-composable inde- 
pendent paths 7^ and jj for i 7^ j and i,j = 1, ...,N. In other words for all 1 < i,l < N it is true that 
s ("fi) 7^ *(7i) an d *(7») 7^ s (7i) where i ^ I and 7^,7; e T. 

Definition 2.4. Let r 6e a graph. A subgraph V of T is a given by a finite set of independent paths in 

For example let T := {71, ...,7^} then T' := {71 o 72,73~ 1 ,74} where 71 o 72,7;j~ 1 ,74 € "PrS is a subgraph 

(2) 

of T, whereas the set {71,71 ° 72} is not a subgraph of T. Notice if additionally (72,74) € V T holds, then 
{71,7s -1 , 72 74} is a subgraph of T, too. Moreover for T := {7} the graph := {7 -1 } is a subgraph of 
r. As well the graph T is a subgraph of A subgraph of T that is generated by compositions of some 
paths, which are not reversed in their orientation, of the set {71, 77^} is called an orientation preserved 
subgraph of a graph. For example for T := {7i,...,7jv} orientation preserved subgraphs are given by 
{71 72}, {71,72,7^} or {7at_2 o 7at-i} if (71,72) € "P r £ (2) and (7/^-2,7^-1) € "P r S (2) . 

Definition 2.5. A finite graph system Vr for T is a finite set of subgraphs of a graph T. A finite graph 
system Vr' f° r T' is a finite graph subsystem of Vr for T if the set Vr' is a subset of Vr and V is a 
subgraph ofT. Shortly write Vr' < Vr- 

A finite orientation preserved graph system Vp for T is a finite set of orientation preserved subgraphs 
of a graph T. 



Recall that, a finite path groupoid is constructed from a graph T, but a set of elements of the path groupoid 
need not be a graph again. For example let T :— {71 072} and V = {71 073}, then T" = TUT' is not a graph, 
since this set is not independent. Hence only appropriate unions of paths, which are elements of a fixed finite 
path groupoid, define graphs. The idea is to define a suitable action on elements of the path groupoid, which 
corresponds to an action of diffeomorphisms on the manifold S. The action has to be transfered to graph 
systems. But the action of bisection, which is defined by the use of the groupoid multiplication, cannot 
easily generalised for graph systems. 

Problem 2.1: Let T := {Ti} i= i^, y N be a finite set such that each Ti is a set of not necessarily independent 
paths such that 

(i) the set contains no loops and 

(ii) each pair of paths satisfies one of the following conditions 

• the paths intersect each other only in one vertex, 

• the paths do not intersect each other or 

• one path of the pair is a segment of the other path. 

Then there is a map o : f x f — > f of two elements Ti and T 2 defined by 
{71, ...,7m} ° {71 ) -,7m} :={7i °7j = *(7i) = s (lj)\ _ 
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for Ti := {ji, ...,7A/},r 2 := {71, ...,7m}- Moreover define a map 1 : f — > f by 

{7i>-,7m} _1 := {7r 1 ,->7M 1 } 
Then the following is derived 

{71, --,7a/} {7r 1 ,--,7 M 1 } = \li °77 1 : t{li) = Klj)} _ _ 

= \ li o ij 1 ■ t{li) = t{lj) and i ^ j\ 

U {^S-yj }l<j<M 
+ U{l S7j }l<i<M 

The equality is true, if the set T contains only graphs such that all paths are mutually non-composable. 
Consequently this does not define a well-defined multiplication map. Notice that, the same is discovered if 
a similar map and inversion operation are defined for a finite graph system Vr- 



Consequently the property of paths being independent need not be dropped for the definition of a suitable 
multiplication and inversion operation. In fact the independence property is a necessary condition for the 
construction of the holonomy algebra for analytic paths. Only under this circumstance each analytic path 
is decomposed into a finite product of independent piecewise analytic paths again. 

Definition 2.6. A finite path groupoid "Pr'E over Vr' is a finite path subgroupoid ofVr^> over Vp if the 
set Vr' is contained in Vr and the set 7-t'£ is a subset ofVr^- Shortly write Pr'S < PrE. 

Clearly for a subgraph Ti of a graph I?2, the associated path groupoid Vr^ over Vr 1 is a subgroupoid of 
■Pr 2 E over Vr 2 . This is a consequence of the fact that, each path in Vr^ is a composition of paths or their 
inverses in Pr^E. 

Definition 2.7. A family of finite path groupoids {'Pr 4 £}i=i ) . ..,«>> which is a set of finite path groupoids 
VrJ^ over Vr i; is said to be inductive if for any Pri^,fr 2 S exists a Pr 3 S such that Pri^,^^ < "Pvs^- 

A family of graph systems {'Pr i }i=i,...,oo; which is a set of finite path systems Vri for Ti, is said to be 
inductive if for any Pn ) fr 2 exists a Vr 3 such that Vr 1 ,Vr 2 < 

Definition 2.8. Let {'Pr i £}i=i 00 be an inductive family of path groupoids and {'Pr i }i=i,...,oo be an in- 
ductive family of graph systems. 

The inductive limit path groupoid V over £ of an inductive family of finite path groupoids such that 
V := Xva^VrJ^ is called the (algebraic) path groupoid V =4 S. 

i— >oo 

Moreover there exists an inductive limit graph T^ of an inductive family of graphs such that T^ :— lirn Ti . 

i— >oo 

The inductive limit graph system Vr^ of an inductive family of graph systems such that Vr x ■— lira Vr t 

Z— >■ OO 

Assume that, the inductive limit T^ of a inductive family of graphs is a graph, which consists of an infinite 
countable number of independent paths. The inductive limit Vr^ of a inductive family {"Pr 1 ;} of finite 
graph systems contains an infinite countable number of subgraphs of T^ and each subgraph is a finite set 
of arbitrary independent paths in E. 



2.2 Holonomy maps for finite path groupoids, graph systems and transforma- 
tions 

In section [2T] the concept of finite path groupoids for analytic paths has been given. Now the holonomy maps 
are introduced for finite path groupoids and finite graph systems. The ideas are familar with those presented 
by Thiemann [25] • But for example the finite graph systems have not been studied before. Ashtekar and 
Lewandowski [T] have defined the analytic holonomy C* -algebra, which they have based on a finite set of 
independent hoops. The hoops are generalised for path groupoids and the independence requirement is 
implemented by the concept of finite graph systems. 



7 



2.2.1 Holonomy maps for finite path groupoids 

Groupoid morphisms for finite path groupoids 

Let Qi = ) Qi , Q2 || ) G2 be two arbitrary groupoids. 

Definition 2.9. A groupoid morphism between two groupoids G\ and G2 consists of two maps f) : G\ — > 
G2 and h : G° — > G° such that 

(Gl) (]( 7 o 7') = HlMl') for all (7, 7') e g{ 2) 

(G2) S2 (f,( 7 )) = h(si(i)), * 2 (I|(t)) = h(h(i)) 

A strong groupoid morphism between two groupoids G\ and G2 additionally satisfies 
(SG) for every pair ([1(7), f)( 7 ')) € G { 2 2) it follows that (7, 7') <E Gf ] 

Let G be a Lie group. Then G over cq is a groupoid, where the group multiplication • : G 2 — > G is defined 
for all elements (71,(72,5 G G such that 51 • 52 = <?■ A groupoid morphism between a finite path groupoid 
to G is given by the maps 

fir : 7>r£ -> G, h T : V T -> e G 
Clearly 

f)r(7°7') = f)r(7)f)r( 7 ') for all (7,7') G P r £ (2) ( 
sc(f)r(7)) = M s 7>r£(7)), *G(ftr(7)) = M*Prs(7)) 

But for an arbitrary pair (f)r(7i)j f)r(7a)) = : (51,52) G G^ 2 ) it does not follows that, (71,72) G "Pr^ 2 - 1 is 
true. Hence rjr is not a strong groupoid morphism. 

Definition 2.10. Let Vr^ =$ Vr be a finite path groupoid. 

Two paths 7 and 7' in "PrS have the same-holonomy for all connections iff 

for (7) = f)r(7 ) / or a ^ (f)r,^r) groupoid morphisms 
f)r :P r S^ G,/i : V r -> {e G } 

Denote the relation by ~ s .hoi.- 

Lemma 2.11. The same-holonomy for all connections relation is an equivalence relation. 

Notice that, the quotient of the finite path groupoid and the same-holonomy relation for all connections 
replace the hoop group, which has been used in pQ. 

Definition 2.12. Let Vr^ =4 Vr be a finite path groupoid modulo same-holonomy for all connections 
equivalence. 

A holonomy map for a finite path groupoid Vr^ over Vr is a groupoid morphism consisting of the 
maps (fjr,ft-r), where f)r : Vr^ — > G,hr : Vr — ► {cg}- The set of all holonomy maps is abbreviated by 
Hom(P r S,G). 

For a short notation observe the following. In further sections it is always assumed that, the finite path 
groupoid "PrS =4 Vr is considered modulo same-holonomy for all connections equivalence although it is not 
stated explicitly. 
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2.2.2 Holonomy maps for finite graph systems 

Ashtekar and Lewandowski [Tj have presented the loop decomposition into a finite set of independent hoops 
(in the analytic category). This structure is replaced by a graph, since a graph is a set of independent edges. 
Notice that, the set of hoops that is generated by a finite set of independent hoops, is generalised to the set 
of finite graph systems. A finite path groupoid is generated by the set of edges, which defines a graph T, 
but a set of elements of the path groupoid need not be a graph again. The appropriate notion for graphs 
constructed from sets of paths is the finite graph system, which is defined in section [2~Tj Now the concept of 
holonomy maps is generalised for finite graph systems. Since the set, which is generated by a finite number 
of independent edges, contains paths that are composable, there are two possibilities to identify the image 
of the holonomy map for a finite graph system on a fixed graph with a subgroup of G' r '. One way is to use 
the generating set of independend edges of a graph, which has been also used in [I] . On the other hand, it 
is also possible to identify each graph with a disconnected subgraph of a fixed graph, which is generated by 
a set of independent edges. Notice that, the author implements two situations. One case is given by a set 
of paths that can be composed further and the other case is related to paths that are not composable. This 
is necessary for the definition of an action of the flux operators. Precisely the identification of the image of 
the holonomy maps along these paths is necessary to define a well-defined action of a flux element on the 
configuration space. This issue has been studied in [21 [7]. 

First of all consider a graph T that is generated by the set {71, 7jv} of edges. Then each subgraph of 
a graph T contain paths that are composition of edges in {71, ...,7iv} or inverse edges. For example the 
following set V :— {71 o 72 73,74} defines a subgraph of T := {71,72,73,74}- Hence there is a natural 
identification available. 

Definition 2.13. A subgraph V of a graph T is always generated by a subset {71, 7m} of the generating 
set {71) ...,7jv} of independent edges that generates the graph T. Hence each subgraph is identified with a 
subset o/{7j tl , ...,7^ 1 }. This is called the natural identification of subgraphs. 

Example 2.1: For example consider a subgraph T' := {71 o 72,73 ° 74, ...,7a/-i ° 7a/}, which is identified 
naturally with a set {71, ...,7m}' The set {71, ...,7m} is a subset of {71, ...,7^} where N — \T\ and M < N. 

Another example is given by the graph T" := {71, 72} such that 72 = 7i 72, then T" is identified naturally 
with {71,71,72}- Tnis set is a subset of {71, 7i, 7s>, 73, -,7iV-i}- 



Definition 2.14. Let T be a graph, Vr be the finite graph system. Let T' := {71, ...,jM}be a subgraph ofT. 

A holonomy map for a finite graph system Vr is a given by a pair of maps (f)r, hr) such that there 
exists a holonomy ma^ (f)r, hr) for the finite path groupoid Vr^ =4 Vr and 

f)r : V r -> G |r| , rj r ({7i, 7m}) = (f)r(7i), *)t{1m), e G , e G ) 
hr-Vr-> {e G } 

The set of all holonomy maps for the finite graph system is denoted by Hom(Vr, G' r '). 
The image of a map f)r on each subgraph V of the graph T is given by 

(t)r(7i),---,f)r(7Af),e G ,---,e G ) 
is an element o/G' r '. The set of all images of maps on subgraphs ofT is denoted by Ar- 

The idea is now to study two different restrictions of the set Vr of subgraphs. For a short notation of a "set 
of holonomy maps for a certain restricted set of subgraphs of a graph" in this article the following notions 
are introduced. 

Definition 2.15. Lf the subset of all disconnected subgraphs of the finite graph system Vr is considered, then 
the restriction of Ar, which is identified with G' r ' appropriately, is called the non-standard identification 
of the configuration space. Lf the subset of all natural identified subgraphs of the finite graph system Vr 
is considered, then the restriction of Ar, which is identified with G' r ' appropriately, is called the natural 
identification of the configuration space. 

In the work the holonomy map for a finite graph system and the holonomy map for a finite path groupoid is denoted by 
the same pair (f)r,for)- 
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A comment on the non-standard identification of Ar is the following. If V : = {71 o 72} and V" := {72} are 
two subgraphs of T := {71,72,73}- The graph T' is a subgraph of T. Then evaluation of a map f)r on a 
subgraph T' is given by 

E)r(r') = (f)r(7i 72), E)r(s(72)), M s (73))) = (^(71)^(72), e G , e G ) G G 3 
and the holonomy map of the subgraph T" of V is evaluated by 

flr(r") = (flr(s( 7 i)),flr(s(72))(lr(72),f]r(s(73))) = (br(TiO> e G , e G ) G G 3 

Example 2.2: Recall example 2.2{l] For example for a subgraph T' := {71 o 72,73 o 74, ...,7jy_i o 7a/}, 
which is naturally identified with a set {71, ...,7jvf}- Then the holonomy map is evaluated at T' such that 

t)r(r') = (M71), ^(72), •-, f)r(7Af ), e G , e G ) e G w 

where N = \T\. For example, let V := {71, 72} such that 72 = j[ o 7 2 and which is naturally identified with 
{7i ; 7i,7 2 }- Hence 

f)r(r') = (f,r( 7 i), br(7i), br(Y 2 ), e G , e G ) e G w 

is true. 

Another example is given by the disconnected graph T' := {71 o 72 o 73,74}, which is a subgraph of T := 
{71 1 72 j 73, 74}- Then the non-standard identification is given by 

f)r(r') = (f)r(7i 72 73), f)r(74), e G , e G ) G G 4 

If the natural identification is used, then f)r(r') is idenified with 
(t)r(7i),f)r(7 2 ),()r(73),f]r(74))eG 4 

Consider the following example. Let V" := {71,0,72,73} be a graph such that 




Then notice the sets Ti := {71 o 0,73} and T2 := {71 o a ,73}. In the non-standard identification of the 
configuration space Av" it is true that, 

f)r'"(Ti) = (f)r"'(7i a), [)r"'(73), e G , e G ) G G 4 , 
fj r ///(r 2 ) = (f)r»'(7i °a _1 ),f)r"'(73),e G ,e G ) G G 4 

holds. Whereas in the natural identification of Ar>" 

br»'(ri) = (f)r'»(7i),f)r»'(«),f)r»'(73),eG) G G 4 , 
fJr»'(r 2 ) = (t)r'"(7i),f)r»'(a" 1 ) I flr»'(73),eG) € G 4 

yields. 



The equivalence class of similar or equivalent groupoid morphisms defined in definition ?? allows to define 
the following object. The set of images of all holonomy maps of a finite graph system modulo the similar or 
equivalent groupoid morphisms equivalence relation is denoted by Ar / ©r ■ 
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2.3 The group-valued quantum flux operators associated to surfaces and graphs 



Let G be the structure group of a principal fibre bundle P(E,G, it). Then the quantum flux operators, 
which are associated to a fixed surface S, are G-valued operators. For the construction of the quantum flux 
operator ps(l) different maps from a graph T to a direct product G x G are considered. This is related to 
the fact that, one distinguishes between paths that are ingoing and paths that are outgoing with resepect 
to the surface orientation of S. If there are no intersection points of the surface S and the source or target 
vertex of a path 7^ of a graph T, then the map maps the path ji to zero in both entries. For different surfaces 
or for a fixed surface different maps refer to different quantum flux operators. 

Definition 2.16. Let S be a finite set {Si} of surfaces in E 7 which is closed under a flip of orientation of 
the surfaces. Let T be a graph such that each path in T satisfies one of the following conditions 

■ the path intersects each surface in S in the source vertex of the path and there are no other intersection 
points of the path and any surface contained in S, 

■ the path intersects each surface in S in the target vertex of the path and there are no other intersection 
points of the path and any surface contained in S, 

■ the path intersects each surface in S in the source and target vertex of the path and there are no other 
intersection points of the path and any surface contained in S, 

■ the path does not intersect any surface S contained in S. 

Finally let Vr denotes the finite graph system associated to T. 

Then define the intersection functions II ■ S x T — > {±1,0} such that 

{1 for a path 7 lying above and outgoing w.r.t. S 
— 1 for a path 7 lying below and outgoing w.r.t. S 
the path 7 is not outgoing w.r.t. S 

and the intersection functions lr : S x T — > {±1, 0} such that 

{—1 for a path 7' lying above and ingoing w.r.t. S 
1 for a path 7' lying below and ingoing w.r.t. S 
the path 7' is not ingoing w.r.t. S 

whenever S € S and 7 G T. 

Define a map ol ■ S — > G such that 

o L (S) = o^S- 1 ) 

whenever S E S and S^ 1 is the surface S with reversed orientation. Denote the set of such maps by Ol- 
Respectively the map or : S — > G such that 

o R (S) = o^S- 1 ) 

whenever S e S. Denote the set of such maps by 6r. Moreover there is a map ol x or : S — > G x G such 
that 

(ol,o r )(S)^(o l ,or)(S- 1 ) 

whenever S G S . Denote the set of such maps by o. 

Then define the group-valued quantum flux set for paths 

G s,r ■= IJ U {(P L >P R ) e Map(r,G x G) : (/,p fl )( 7 ) := {o L {S)^ s «\o R {S) 1 *™)} 

o L xo a e6 ggg 

where Map(r, G x G) denotes the set of all maps from the graph V to the direct product G x G. 
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Define the set of group-valued quantum fluxes for graphs 

G s,r- U IJ {^reMap(^,Gl r l xGl r l): Ps ,r := Ps x ... x Ps 

o L xo R eo seS 

where p s ( 7 ) := (o L (S) lL ^ s \ o R (S) l «^), 

Notice if H is a closed subgroup of G, then H s r can be defined in analogy to G§ r . In particular if the 
group H is replaced by the center Z(G) of the group G, then the set <G S r is replaced by Z(<G S 7 ) s r and 
G s r is changed to Z s r . 

Furthermore observe that, (i£ x in)(S~ 1 ,j) = (— 1£ x — ir)(S, 7) for every 7 e T holds. Remark that, the 
condition p L ( 7 ) = p fi (7 _1 ) is not required. 

Example 2.3: For example the following example can be analysed. Consider a graph T and two disjoint 
surface sets S and T. 




r = {-A7} 

$■■= {Si,S 2 } 
f:= {Si, Si] 



Then the elements of <G S r are for example the maps pf x pf for i = 1, 2 such that 

Pi (7) == (Pf,pf)(7) - <r«(Si) l *< Sl ">) = (5i,0) 

Pi(7) := (pf,pf)(7) - K^i) 1 ^ 51 ^,^^)^^^) = (. 9 i,0) 
P2(7) := (P^,p 2 fl )(7) = ( ( tl(5 2 )^( S2 ^, ( t k ( > S 2 )'«( s -^) = (g 2 ,0) 
P2(7) := (^,P 2 fl )(7) - (^(S 2 ) li(S2 ^,^(5 2 ) l «( Sa ^) = (.9 2 ,0) 
Ps(7) := (ptpiKl) = (^(^^V^)'^ 3 ^) = (0,0 
Ps(7) := (p^,P 3 fl )(7) - K(5 3 )^( S3 ^, ( T K (^) tH(53 ^) = (O,^ 1 ) 
p 4 (7) := (Pi,pf)(l) = (vL(Sd LL(S ^\MS4y R{S ^ } ) = (0,h 4 ) 
p 4 (7) := (pf,pf)(7) = (^ 4 r (S ^\<7 fl (S 4 ) 1 *^)) = (0,h 4 ) 

This example shows that, the surfaces {Si,^} are similar, whereas the surfaces {Ti,T 2 } produce different 
signatures for different paths. Moreover the set of surfaces are chosen such that one component of the direct 
sum is always zero. 



For a particular surface set S, the following set is defined 

(J U {(P L >P R ) e Map(r,G x G) : (/,p fl )( 7 ) := {*l(S)^ s «\0)} 
ses 

can be identified with 

|J \j{ P e Map(r,G) : p( 7 ) := a L (Sy^} 
CLecTLSes 



12 



The same is observed for another surface set f and the set Gf r is identifiable with 
(J |J {p € Map(r, G) : p( 7 ) := ^(T)^^) } 

The intersection behavoir of paths and surfaces plays a fundamental role in the definition of the flux operator. 
There are exceptional configurations of surfaces and paths in a graph. One of them is the following. 

Definition 2.17. A surface S has the surface intersection property for a graph T, if the surface 
intersects each path of T once in the source or target vertex of the path and there are no other intersection 
points of S and the path. 

This is for example the case for the surface S\ or the surface S3, which are presented in example 2(3} Notice 
that in general, for the surface S there are N intersection points with N paths of the graph. In the example 
the evaluated map /?i( 7 ) = (<7i,0) = Pi( 7 ) for 7,7 G T if the surface Si is considered. 

The property of a path lying above or below is not important for the definition of the surface intersection 
property for a surface. This indicates that the surface S4 in the example 2j3] has the surface intersection 
property, too. 

Let a surface S does not have the surface intersection property for a graph T, which contains only one path 
7. Then for example the path 7 intersects the surface S in the source and target vertices such that the path 
lies above the surface S. Then the map p L x p R is evaluated for the path 7 by 

Hence simply speaking the surface intersection property reduces the components of the map p L x p R , but 
for different paths to different components. 

Now, consider a bunch of sets of surfaces such that for each surface there is only one intersection point. 

Definition 2.18. A set S of N surfaces has the surface intersection property for a graph T with N 
independent edges, if it contain only surfaces, for which each path ji of a graph T intersects each surface Si 
only once in the same source or target vertex of the path 7 j, there are no other intersection points of each 
path 7i and each surface in S and there is no other path 7^ that intersects the surface Si for i j where 
1 < i,j < N. 

Then for example consider the following configuration. 
Example 2.4: 




The sets {Sg,Sy} or {S5,Ss} have the surface intersection property for the graph T. The images of a map 
E is 

P5(7) = Q?5,0), p 8 (7) = (0,/i 8 ) 
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Note that simply speaking the property indicates that each map reduces to a component of p L x p R . 

A set of surfaces that has the surface intersection property for a graph is further specialised by restricting 
the choice to paths lying ingoing and below with respect to the surface orientations. 

Definition 2.19. A set S of N surfaces has the simple surface intersection property for a graph T 

with N independent edges, if it contains only surfaces, for which each path 7.; of a graph T intersects only 
one surface Si only once in the target vertex of the path 7^, the path 7, lies above and there are no other 
intersection points of each path ji and each surface in S . 

Example 2.5: Consider the following example. 




The sets {Sg, Sn} or {S10, Si 2} have the simple surface intersection property for the graph T. Calculate 
p 9 (7) = (0,/i9 1 ), p 11 (7) = (0,/iu 1 ) 



In this case the set <Gg r reduces to 

(J |J {peMap(r, ) : p( 7 ) ^^(S)- 1 for 7 nS-t( 7 )} 

Notice that, the set V n S = {t(ji)} for a surface Si £ S and 7* fl Sj Si — {0} for a path 7, in T and i ^ j. 

On the other hand, there exists a set of surfaces such that each path of a graph intersects all surfaces of 
the set in the same vertex. This contradicts the assumption that each path of a graph intersects only one 
surface once. 

Definition 2.20. Let T be a graph that contains no loops. 

A set S of surfaces has the same surface intersection property for a graph V iff each path 7$ in T 
intersects with all surfaces of S in the same source vertex u, £ Vr (i = 1,..,N), all paths are outgoing and 
lie below each surface S £ S and there are no other intersection points of each path 7$ and each surface in 
S. 

A surface set S has the same right surface intersection property for a graph T iff each path 7, in T 
intersects with all surfaces of S in the same target vertex Vi £ Vr (i — 1, .., N ), all paths are ingoing and lie 
above each surface S £ S and there are no other intersection points of each path ji and each surface in S. 

Recall the example 2|3| Then the set {Si, S 2 } has the same surface intersection property for the graph T. 
Then the set G5 r reduces to 

U [J {peMap(r,g) : p( 7 ) := a^Sy 1 for 7 n S = s( 7 )} 

Notice that, 7 n Si n ... fl Sjy = 3(7) for a path 7 in T whereas T n S = {s(7i)}i<i<Af- Clearly r n S, = s(7i) 
for a surface Si in S holds. Simply speaking the physical intution behind that is given by fluxes associated 
to different surfaces that should act on the same path. 

A very special configuration is the following. 
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Definition 2.21. A set S of surfaces has the same surface intersection property for a graph T 
containing only loops iff each loop 7, in T intersects with all surfaces of S in the same vertices s(7i) = t(-fi) 
inVr (i = 1, .., N), all loops lie below each surface S £ S and there are no other intersection points of each 
loop in T and each surface in S. 

Notice that, both properties can be restated for other surface and path configurations. Hence a surface set 
have the simple or same surface intersection property for paths that are outgoing and lie above (or ingoing 
and below, or outgoing and below). The important fact is related to the question if the intersection vertices 
are the same for all surfaces or not. 

Finally for the definition of the quantum flux operators notice the following objects. 

Definition 2.22. The set of all images of maps in <Gg r for a fixed surface set S and a fixed path 7 in T is 
denoted by Gg . 

The set of all finite products of images of maps in Gg r for a fixed surface set S and a fixed graph T is 
denoted by Gej r . 

The product • on G§ r is given by 

P5!,r(r) • As 2 ,r(r) = (p Sl (li) ■ Ps 2 {n), ■■■,Ps 1 {jn) ■ Ps 2 {1n)) 

= K(Si)- 1 OL (^ 2 )- 1 ,...,o i (5 2 )- 1 o L (5 1 )- 1 ) 
= ((o L (S2)o L (Si))- 1 , (o L (S 2 )o L (S 1 ))- 1 ) 
= Ps 3 ,r(r) 

Definition 2.23. Let S be a surface and T be a graph such that the only intersections of the graph and the 
surface in S are contained in the vertex set Vp- Moreover let Vr^ =4 Vr be a finite path groupoid associated 

to r. 

Then define the set for a fixed surface S by 
Map s (-p r S,G x G) 

■■= U U { (Ap fl )eMap(^£,GxG):(A/^)(7):=K^^ 

o L xo R £d g e § 

Then the quantum flux operators arc elements of the following group. 

Proposition 2.24. Let S a set of surfaces and T be a fixed graph, which contains no loops, such that the 
set S has the same surface intersection property for the graph T. 

The set <Gg has the structure of a group. 

The group <Sg is called the flux group associated a path and a finite set of surfaces. 

Proof : This follows easily from the observation that in this case reduces to 

|J |J {/eMap(r,G): p L ( 7 ) := ol^ 1 for 7 n S = 5(7)} 
o L eo L Se s 

There always exists a map pg 3 € G^ such that the following equation defines a multiplication operation 

Ps,i(7) ' PsAl) = 9m ■■= pL(7) € ® Sn 
with inverse (Psil))^ 1 such that 

p§(7) • (Psh)y 1 = (p^))- 1 ■ Ps(l) = e G v 7 er 
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Notice that for a loop a an element ps{o) G Gg is defined by 

p s (a) := (^xpf)(a) = ( 5 ,/i)eG 2 

In the case of a path 7' that intersects a surface S* in the source and target vertex there is also an element 
ps(i) € &g n defined by 

Psirf) ■■= (Ps x Ps)(Y) — (9,h) e G 2 

Proposition 2.25. Let S be a set of surfaces andT be a fixed graph, which contains no loops, such that the 
set S has the same surface intersection property for the graph T. Let V° be a finite orientation preserved 
graph system such that the set S. 

The set Gg r has the structure of a group. 

The set Gg r is called the flux group associated a graph and a finite set of surfaces. 
Proof : This follows from the observation that the set Gg r is identified with 



U U {<°s,r € Map(^,Gl £r l) : p s . r := Ps X - X Ps 

where p s (j) := Oi(S) _1 ,p s € Gg >r ,S e SjGl} 



<?l&Zl ses 



Let S be a surface set having the same intersection property for a fixed graph T := {71, ...,7^}. Then for 
two surfaces S\ , 5*2 contained in S define 

PSi,r(r) • ps 2 ,r(r) = (p Sl (7i) • Ps 2 {li), ■■■,Ps 1 {jn) ■ Ps 2 (jn)) 

= {gsi,—,9Si) ■ (9s 2 ,-,9s 2 ) = (gs 1 gs 2 ,-,gs 1 gs 2 ) 

where T — {71, ...,7^}. Note that, since the maps Ol are arbitrary maps from S to G, it is assumed that 
the maps satisfy Oi(iSj) := gg 1 € G for i = 1, 2. Clearly this is related to in this particular case of the graph 
r and can be generalised. 

The inverse operation is given by 

(Ps.r(r)r 1 = ((ps( ll ))- 1 ,...,(psh N ))- 1 ) 
where N = \T\ and ps € Gg for £ € S. Since it is true that 

As,r( r ) ■ pssiTr 1 = (gs,-,gs) ■ (5s 1 , -,9s 1 ) 

= (Psili) ■ PsiliV 1 , Ps{in) ■ PsilN)" 1 ) 
= (553s 1 , •■•,3s5s 1 ) = ( e G,-,e G ) 

yields. 



Notice that, it is not defined that 
ASi,r(r) •RPs 2 ,r(F) 

= (o L (S 2 )- 1 o L (S 1 )- 1 ,...,o L (S 2 )- 1 o L (S 1 )- 1 ) = ((ol(5 1 ) 0l (5 2 ))- 1 ,...,( 0l (5 1 )o l (5 2 ))- 1 ) 
= Ps 3 ,r(r) 

is true. Moreover observe that, if all subgraphs of a finite orientation preserved graph system are |naturally| 



identified 



then Gg r , <r is a subgroup of Gg r for all subgraphs V in Vr- If G is assumed to be a compact 
Lie group, then the flux group Gg r is called the Lie flux group. 

There is another group, if another surface set is considered. 
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Proposition 2.26. Let T be a set of surfaces and T be a fixed graph such that the set T has the simple 
surface intersection property for the graph Y . Let Vp be a finite orientation preserved graph system. 

The set Gf r has the structure of a group. 

The same arguments using the identification of Gf r with 

|J [pt.v € Map(P°, G^) : Pf v := p Tl x ... x p Tjv 

where p Ti (l) ~ o R (Ti)-\ Pn e <G f r ,Ti e T, 7 e r} 

which is given by 

PTi,r(r) • ... • PT„,r(r) = (p Tl {ji)e G ,e G , ...,e G ) ■ (e G , p Ta (7 2 )e G , e G , -,e G ) • ... • (e G , e G , pr N (7Jv)e G ) 
= (Pt x (7i)i •••,Pt jv (7a0) = ■■■,5A r ) € G w 

=: Pf r (r) 

Then the multiplication operation is presented by 

4_ r (r) • 4 >r (r) = (^(71) • ^(71), • p 2 Tn {in)) 

= (.914, -)5i,Jv) • (52,1, -)52,iv) = (51,152,1, —,9i,n92,n) e G w 

where T = {7!, ...,7jv}. 

It is also possible that, the fluxes are located only in a vertex and do not depend on ingoing or outgoing, 
above or below orientation properties. 

Definition 2.27. Let Tr be a finite graph groupoid associated to a graph T and let N be the number of edges 
of the graph T. 

Define the set of maps 

Gi? c := { flr e Map(P r , G |r| ) :g r := £ o s x ... x g^ o s 

«4 eMap(r,G)} 

T/ien Gp c is t/ie set 0/ oZZ images of maps in Gp c /or aZZ graphs in Vr and G}? c is called the local flux 
group associated a finite graph system. 

3 The flux and flux transformation group, n.c. and heat-kernel 
holonomy C*-algebra 

In this section new algebras are constructed from either the quantum configuration or the quantum momen- 
tum variables of LQG. In the following the focus is based on the quantum momentum variables, which are 
given by the group-valued quantum flux operators associated to surfaces and paths. 

3.1 The flux group C*-algebra associated to graphs and a surface set 

Let C(G) be the convolution *-algebra of continuous functions G C (G) on a locally compact unimodular group 
G equipped with the convolution product, an inversion and supremum norm. 

Recall that a surface S has the same surface intersection property for a graph T, if each path of T intersect 
the surface S exactly once in a source vertex of the path and the path is outgoing and lies below. 
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Corollary 3.1. Let S be a surface with same surface intersection property for a finite graph system associated 
to a graph T. Let G be a unimodular locally compact group and let G<j,r be the flux group. 

Then the convolution flux * -algebra C(Gs.r) associated to a surface and a graph T is defined by the 
following product 

ih */2)(ps,r(r)) = (/i */ 2 )(ps(7i),--,Ps(7Jv)) 

fl(pS (7l) As(7l)~\ ■■■,Ps{jN)Ps{jNr 1 )f2{ps(jl),---,Ps('jN)) 

r 

dps,r(ps(li), -,Ps(7w)) 

/1 (ps,r(r)As,r (r)- 1 )^ (p sx (r)) d p sx (p s (r)) 



' Gs,r 

/or r = {71, ...,7jv} and where ps,r,Ps,r € Gs.r and ps,ps € Gs.r which reduces to 

(/i*/ 2 )(ps,r(r')) = (/i*/2)(M7*)) - / /i(P5(7 l )P5(7,)" 1 )/2(Ps(7 l ))dM5,r(P5(7 l )) 
for any i = 1, TV and r' = {7?} G Pr? ^ e involution 



/r(p S ,r(r')r := /rW(r')- 1 ) 
/or any i = 1, iV and equipped with the supremum norm. 

Set F' := {7^}. Remark that, if all paths 7, are ingoing and above, then the product reads 

(A*/2)(ps,r(r'))= / /i(5s55 1 )/2(.9s)dM(.9s) (4) 
otherwise 

(A * / 2 )(ps,r(r')) = / h{ 9 s 1 9s)f2(9s) dp(g s ) (5) 

This implies that, only for one surface the structure is identified with C(G). The convolution algebra C(Gg r ) 
is defined similarly to the one defined in corollary 



3.1 



for a surface set S with same surface intersection 



property for a finite graph system associated to a graph T. 



Recall that, a set S of N surfaces has the 



simple surface intersection property for a graph T 



with N 



independent edges, if it contain only surfaces, for which each path 7^ of a graph T intersects only one surface 
Si only once in the target vertex of the path 74, the path 7* lies above and there are no other intersection 
points of each path 7, and each surface in S. Then the convolution algebra can be defined as follows. 

Corollary 3.2. Let S :— {Si}i<i<N be a set of surfaces with simple surface intersection property for a finite 
graph system associated to a graph T. 

Then the convolution flux * -algebra C(Gg r ) associated to a surface set and a graph T is defined by 
the following product 

ih * /2)(ps 1 (7i), ■■■,Ps n (in)) 

= / h ( ASi (7i )PSi (71 ) " 1 > ■ • • , Ps N ilN )ps N ilN ) " 1 ) h iPs 1 (71 ) . • • • > Ps N (in ) ) d a ip s r (r) ) 
Jg 

where pg r € Gg r , p$i € (G^ r fori = l,...,N, pg r (T) := (pg 1 (71), ps N {in)), the involution is defined 
by 



fr(ps 1 (li),--,Ps N hN))* ■= friPStili) \---,Ps n (jn) x ) 
and equipped with the supremum norm. 

Clearly Gg r is identified with G N for N being the number of independent paths in T such that each of the 
path 7^ intersects a surface Si. 
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The convolution algebra C(Gg r ) is also studied for other situations as far as the surface set S has one of 
the surface intersection properties, which have been given in section [2. 3| 



The dual space Co(Gg r )* is identified by the Riesz-Markov theorem with the Banach space of bounded 
complex Baire measures on Gg r . Moreover, each Baire measure has a unique extension to a regular Borel 
measure on G^ r . The Banach space of all regular Borel measures is denoted by M(G<j r ). There is a 
convolution multiplication 



G q r 

/(PS,r( r ')Ps,r( r/ ))dM(Ps,r( r/ ))d^(/3. r (r / )) 



(0) 



where pg r _£ Gg r , p Sl £ <Gg r for i = 1,...,N, pg r (T') := (p Sl ( 7l ), p Sjv (7m)), T' := {71, ...,7m}, 
p, v £ M(G^ r ) and / £ Co(Gg r ) and an inversion 



f(p Sr (T'))dp*(p Sr (r>))= f(p Sr (r)-i)dp(p SiT (r>)) (7) 

G s,r •' G s,r 

which transfers M(G^ r ) to a Banach *-algebra. Then restrict M(Gg r ) to the norm closed subspace 
consisting of measures absolutely continuous w.r.t. the Haar measure pg r , which is identified with L 1 (Gg r ) 

by dp(p Sr (r>)) - Mp Str (r'))dp^ r (p StT (r')) for / r e l\g S f ). 

Corollary 3.3. Let S :— {Si}\<i<N be a set of surfaces with same surface intersection property for a finite 
graph system associated to a graph F. 

The Banach * -algebra L 1 (Gg r , pg r ) is the continuous extension of C(Gg r ) in the L l -norm. 

There is a non-degenerate * -representation ttq of L l {Gg r , pg r ) on the Hilbert space Hr = L 2 (Gg r , pg r ), 
which is of the form 



7i"o(/r) := / /r(pSi(7i)) Ps n (in)) d p Sr (p Sl (li), -,Ps n (in)) (8) 



G s,. 

for /r £ L 1 (Gg r ,pg r ) (defined in the sense of a Bochncr integral). 

Notice that, the Banach *-algebra L 1 (Gg r , pg r ) has an approximate unit. Then for a * -representation 
7r of L 1 (Gg r ,^5 r) on ^ r ex ^ s a GNS-triple (%r,^o, ^0) and an associated state wo [HI section 8.6]. 
Furthermore, there is a left regular unitary representation U^- of Gg r on "Hr associated to an action 
a^- O Lemma 3.4 and Lemma 3.16] or [3 Lemma 6.1.4 and Lemma 6.1.16]. Then observe that, for 
fr £ ^{Gg r , pg r ) and p 1 ? , p 1 ? £ Ggr tne unitary C/^ satisfies 



s,r' r s : r - s,i J l 

^(^ r )7r (/r)O 



(9) 



^ !r ( P J r (r))c7f(^ r )/ r (pf r )o 

,r 

d Pss (PSi (7i ),•■•, Ps„ (7iv ) ) /r (/5 Sl (71 ) PSi (71 ) , ■ • ■ , Ps™ (in)ps n (7n)) &o 

,r 

= 7r (af (pf r )/ r )fio 

whenever y0^ r (F) := (ps 1 (7i), ps N (jn)) an d f^o is the cyclic vector. This implies 

Wo (af(4)/r)^o(/r) (10) 

and hence that the state ujq on the Banach *-algebra L 1 (Gg r , /its r ) associated to the representation ttq is 
Gg r -invariant. 

The same is true if all paths in F intersect in vertices of the set Vr with a surface S such that all paths 
are outgoing and lie below the surface S and the unitaries U<-(pg r ) are analysed. Clearly this can be also 
studied for other situations presented in [9| Section 3.1] or [7\ Section 6.1]. 
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Notice that, the Banach *-algcbra i 1 (G| r ) is generated by all Dirac point measures {S(p s ^(T')) : ps,r(^') e 
r } such that 

S( Ps .r(T')) * S(ps,r(T')) - 8(p sx (T')p sx (T')) 

s*(psx(r')) = 5(ps X (r')- 1 ) 

Moreover, recognize that, 

(<W(0) * fr)(ps,r) = /r(ps,r(r')-Vs,r(r / )) 
{fr * S(ps,t(T')))(ps,t) = fr(ps,r(T')Psr( T ')) 

yields for all fr e L 1 (Gg r , /i^ r ) and psj € Gg r . 

Observe that, for A = Y^l=i a ib{ps i .r(J''))) € i 1 (G| r ) and S :— {Si}i<i<Ar, there is a state (2) on i : (G^ r ) 
such that 

^o(A^) = ^o^a m c2;o(<5*(p5„,r(r'))<5(p Sm ,r(r'))) 

(11) 

= ^^a ro wo(^(ps n ,r(r / )-Vs m> r(r / ))) 

n.m 

Moreover, for an action a of G| r on L 1 (G| r ) the action is automorphic and point-norm continuous. The 
state is defined by 



mhps.at ))).= ( for ps ; r(n ^ eG 



Derive 

w (a(ps,r)(<5(ps n ,r(r')))) = ^(^^^(rOps^rCrOps^rlr')- 1 )) 

= o; ( ( 5(p s „,p(r'))) 1 j 

and conclude that, the state wo is G| r -invariant. 

Definition 3.4. Le£ the surface S has the same surface intersection property for a graph T, let S be a set 
of surfaces Si,..., <SW having the same surface intersection property for a graph T. 

The generalised group-valued quantum flux operator for a surface S is given by the following 
non- degenerate representation irs.r of L 1 (Gg i p, ps,r) on Hilbert space L 2 (Gs,r> Ps,r)> which satisfies 
Il 7r s,r(/r)||2 < ll/r||i and is defined as a L 2 (Gs t r, ps,r)- va lued Bochner integral 

7rs,r(/r)VT := /_ dp sx {p s ,r{T))fr{psx{^))U{psx^))^r for f r e L\G s ,r, Ps,r) 

J Gs,r 

and a weakly continuous unitary representation U ofGs,r acting on a vector ipr in L 2 (Gs,r, Ps ,r) is con- 
sidered. 

The generalised group-valued quantum flux operator for a set of surf aces S is given by the following 
non- degenerate representation TTg r of L 1 (G^ r , pg r ) on the Hilbert space L 2 (Gg r , pg r ), which satisfies 
ll 7r s p (/r) || 2 < ||/r||i and is defined as a L 2 (Gg r , pg r ) -valued Bochner integral 

7is,r(/r)VT 

:= / d Pi.,r( ps i ( 7l )'-' As n (7jv)) 

fr (ps x (7i ),■■■, Ps N (in ) ) U S r (p Sl (71 ),..., p S]V (>y N ) ) tpr (p Sl (71 ),..., PSn (j n ) ) 

whenever fr € ^(Gg r , pg r ) and a weakly continuous unitary representation U ofGg r acting on a vector 
tpr in L 2 (Gg r , pg r ) is considered. 
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It is easy to show that, for example the representation associated to a left regular representation of Gg r 
on L 2 (Gs,r, Ps,r) fulfill 

$M(/r)V'r(ps 1 (71 ), Ps„ (7jv)) 

d Ps,r ( ASi (7i ),•••, Psv (7jv ) ) fr (psi (71 ) , • • ■ , Ps„ (7jv ) ) 



N 



Uy(ps 1 {li), -,ps n {in))^t{psi (7i), •• I Ps„ (7Af)) 



(13) 



L 

^s,r (7i ) , • • • , Ps N (7jv ) ) /r (PSi (7i ) ) • • • ) Ps N (In ) ) 

^r(psi (7i) _1 PSi (7i), •-, Ps„ (7iv) _1 Ps w (7a0) 
= fr * ipr for ip r € L 2 (G s ,r, Ps.r) 
It is a * -representation on the Hilbert space L 2 (Gg,r, P-s,r), smce it is true that, 
$m(/ f * /r)VT = *M(/r)^M(/r)VT 

$m(Ai/^ + A 2 / r : )Vr = A!$M(/r)VT + A 2 $ M (/r)Vr (14) 
$M(/ r )Vr = *Jif(/r)*^r 
yields whenever /r, /p, /p € L (Gg r , /z<j r ) and Ai, A 2 G C. 

The representation associated to the right regular representation J7i^ of G^ r on L 2 (Gs r, Ps r) is equivalent 
to 

$m (/r) Vt (PSi (7i ) > • ■ • > Ps N (In)) 
■= / d Msr(Psr( r )) 

•^r ' ' (15) 

Mp^ r (r))u§(pl r )MpsAii),---,ps N (iN)) 

= ipr * fr 

Clearly there is a representation of L (Gs,r, P§ r)' which correponds to the situation of all paths intersecting 
with one surface S and such that all paths are outgoing and lie below the surface S, on the Hilbert space 
L 2 (Gg r ,pg r ). The representation is illustrated by 

^ tN (fr)tpr ( AS! (7i ) , • • , Ps N (lN ) ) 

= / dp-{Ps{l\),-,Ps{lN))fr{ps{li),-,Ps{lN)) 

JG 

U^(pshi), -, As(7iv))^r(As! (71), -iPs* (7jv)) 
dp(pshi), ■■■,Ps(lN))fr(ps(li), ...,ps(7at)) ( 16 ) 



G 

Vr(Ps(7i)PSi (71): ••! Ps("/n)ps n (in)) 

= / dfj,(g s )fr(9s)ipr(gs9s 1 ,-,9s9s N ) 
Jg 

= fr * ipr for Vr € "Hr 
for any i = 1, TV and where all surfaces Si are elements of the surface set 5. 
Another representation of L^G^r, Ps,r) on the Hilbert space L 2 (Gs.r, Ps.r) 1S defined by 
^t,i(/ r )^ r (^(7i),---,Ps(7iv)) 

dMs,r(ps(7i),-,Ps(7Jv))/r(ps(7i).-.Ps(7Jv)) 



G 

^£ (Ps (71 ), Ps(7jv))Vt(ps(7i) ; Ps(7at)) 

/■ (17) 
/ rfps.r (ps (7i ) ) fr (ps (n ) ) Vr (ps (it ) Ps (it ) ) 
Jg 



= / dp, s ,r(gs)fr(gs)ipr(gsgs) 
Jg 

= fr * Vr for Vr € £ 2 (Gs,r,Ps,r) 
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Moreover, a general representation Tig r is a faithful regular PI* -representation of C*(Gg r ) in L 2 (Gg r ,p§ r ). 
It is a faithful representation, since from /r * "0r = it is deaucible that, /r = holds. The left and the right 
regular representations {7<L and are unitarily equivalent, hence the generalised representations ir<j- 1 and 
7r<£ 1 are unitarily equivalent, too. 

Definition 3.5. Let S be a surface and S be a set of surfaces such that S and S have the same surface 
intersection property for a graph T. 

The reduced flux group C* -algebra C*(Gs,r) f or a surface S or C*(Gg r ) for a set S of surfaces 

is defined as the closure of L (Gs,T, Ps,r)> or respectively L 1 (G^ r , pig T ), in the norm ||/r||r := ||7i'5.r(/r)||2 
or ll/r||r := lks, r (/r)||2- 

In fact all continuous unitary representations U of the flux group Gs,r on L 2 (Gs.r 1 A*s,r) give a non- 
degenerate representation irg -p of L 1 (Gs,ri Ps.r)- Each representation is given by 



7rs,r(/r):=/ du Sj r(ps,r(T))fr(ps,T(T))U{ps,T(T)) (18) 

J Gs,T 

Definition 3.6. Let S be a surface and S be a set of surfaces such that S and S have the same surface 
intersection property for a graph T . 

The flux group C* -algebras C*(Gs,v) f or a surface S or C*(Gg r ) for a set S of surfaces is 

the closure of L 1 (Gs,r, P-s.r) or L 1 (G § r , p,g r ) in the norm \\fr\\ '■= sup^ ||7r(/r)||2 where the supremum is 
taken over all non-degenerate L}-norm decreasing* -representations of L 1 (Gs\r, Ps,r)' or respectively all 



representations -k of the form (18), where U is a continuous unitary representation (one representative of 



each equivalence class) of the flux group Gs.r on a Hilbert space. 

Remark 3.7. In the case of a (second countable) compact group G the structures above are well known. 
Let G be the unitary dual consisting of all unitary equivalence classes of irreducible, continuous and unitary 
and therefore finite- dimensional representations 7r s . 7i of G w.r.t. a graph T := {7^} on a finite dimensional 
Hibert space r hi s , li ■ Notice that, every element of G is one- dimensional, iff G is commutative. The dual G 
is discrete and countable. The set G is finite, iff G is finite. The finite- dimensional representation U s ^ li is 
equivalent to the left-regular representation Ul ■ G —¥ U(L 2 (G)). 

There exists an isomorphisms betweeen Hilbert spaces such that 
Uv := L\ (G) ~ L\ (G) ; = ?i r = M ds ^ (C) 

s£G 

where d s . 7i is the dimension of s in G, given by the unitary Plancherel transform T : L 2 .(G) — > L 2 . (G) with 

V>7i( s ) : = (- 77 ^7 ! )( s ) = V d s,n / d KPs l {li))U s , 7z (psAji))' l J^(Ps t {l l )) (19) 

JG 

where psAli) € <Gg r is identified with G if S :— {Si}i<i<N has the same intersection property for T. The 
inverse transform is given by 

J" _1 ^ 7i (s) := ^2 V dim TWn tr (^7< ( s ) u s,n (Ps, in))*) 

s£G 

Clearly if tp-p £ L 2 . (G) and ipy £ L 2 . (G) it is true that, 

liriPSiili))] 2 d/i(ps i (7i)) = ^(dim 7 r CT )tr(V> r (s)'0 r (s)*) (20) 

s£G 

holds. Let T be equivalent to {7} and S has the same intersection property for T. The representation ns,r 
of the C* -algebra C*(Gs,r) on ^ e Hilbert space Hr '■= L (Gsj, Ps,j) is given for a path 7 that intersects S 
such that the path is outgoing and lies below by 

7Ts,r(/r)Vr := / dps.-y(Ps(l))fr(ps{j))U s . r (ps(l))il>r(ps(j)) (21) 

JG 



2 A representation (■Kj'H) of a C*-algebra 21 of the form \3A\ is called regular iff the unitary representation U of a locally 
compact group G is weak operator continuous on ~H. 



3 A norm |.| of 21 is called L 1 -norm decreasing if ||i7(/)||2 < ||/|| for all / £ 21. 
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for tpr £ Ht- Notice that, for an abelian (locally) compact flux group Gs.r there is an isomorphism J- : 
C*(G s ,r) -> Co(G S x) given by 

J-(/r)(s) := / d/is, 7 (ps(7))/r(ps(7))^ ) r(ps(7)) 

JG 

which is called the generalised Fourier transform. The set of characters is denoted by Gs,r- 

Example 3.1: For an abelian locally compact group G the group algebra C*(G) coincides with C*(G). 
This is true, since for s £ G the representation ir s of G on L 2 (G) coincides with f(s) £ C and consequently 
the norm ||.|| r and ||.|| are the same. 

Moreover, since R and R are equal, there are the following isomorphisms 
C (R) a C*(R) ~ C*(R) 

Notice that, this statement generalises for an abelian locally compact group G. There is an isomorphism 
C*{G) and G(G). 

For a general locally compact group G g r it is true that, 

C* r (G s>T ) := n s , r (C*(G Sx )) ~ C*(G Sr ) \ ker(7r s>r ) 

holds. Therefore a Lie group is called amenable, if C*(Gg r ) coincides with C*(G g r ) and hence iff 7T5 : r is 
faithful. Since for locally compact groups, the representation ns,r is always faithful, these groups are always 
amenable. 

Proposition 3.8. Let S be a surface with the same surface intersection property for a graph T . 
For a compact Lie group G the flux group C* -algebras for surface S and a graph T := {7} is given by 

C;(G Sr )^C*(G Sr )^ M <r (C)=:M r 

7T s ,reG 

or 

C* r (G sx ) ^ C* (Gsx) - M ds I , (C) 

Ts,r£Gs,r 

and, hence, Gg r is amenable. 

Proof : This is due to the remark l3~71 



3.2 The flux transformation group C*-algebra associated to graphs and a surface 
set 

In the general theory for arbitrary locally compact groups the left regular representation tt<j- t of Gs,r is 
defined by 7r^- 1 (/r)^r := fr * ipr f° r fr £ L 1 (Gs,r, Ms,r) on the Hilbert space L 2 (Gs i r, Ms.r)- The operator 
n<jr 1 (/r) is compact for every fr £ L 1 {Gs,Ti Ms,r)- The set of functions C(Gs,r, Gs,r) f° r a locally compact 
group G is a linear subspace of C(Gs,r, Co(Gs,r))- 

Theorem 3.9. \26[ Theorem 4-%4] (Generalised Stone- von Neumann theorem): 

Let S be be a set of surfaces with the simple surface intersection property for a graph T. 

Let G be a locally compact unimodular group, G§ r be the flux group and let U be a continuous, irreducible 
and unitary representation ofGg r on L 2 (G^ r ,/i^ r ) =: Hp. Hence U £ Rep(G^ r , /C(Hr))- 
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Let Cg(Gg r ) be the C* -algebra of continuous functions vanishing at infinity on r with a pointwise mul- 
tiplication and sup-norm and let $m * s the multiplication representation of Co(Gg r ) on Tir- Therefore 
$ M 6Mor(C (Gs r ),£(Hr)). 

Then the linear map 717 : C(Gg r , Co(Gg r )) — > C(L 2 (Gg r , /k^ r )) 0/ f/ie /orm 
(^/(Fr)^)^ (71), ■■■,As JV (7Jv)) 



d Ms, r (^,r( r )) $ Jw( i? r(ps 1 (71), = Ps„ (in); Ps t (71), PSjv (in))) (22) 

r 

^(Psx ( r ) ) Vt (ps t (71 ) , ■ • • > Ps N (in ) ) 

is a faithful and irreducible representation of the convolution * -algebra C(Gg r , Co(G§ r )) 0/ continuous 
functions Gg r — ^ Cq(G^ r ) wii/i compact support acting on the Hilbert space L 2 (Gg r , /i^ r ). XTie convolution 
* -algebra C(Gg r , Cq(G^ r )) is equipped with a norm \\.\\i such that its completion is given by the Banach 
* -algebra L 1 (Gg r , Cq(G§ r )). Consequently 717 £ Rep(i 1 (Gg r , Co(Gg T )),C(Hr))- 

Set ||-Fr|| u := sup 7rj ||7rj(-Fr)||, where the supremum is taken over all non-degenerate L x -norm decreasing 
* -representations 77 of the Banach * -algebra L l {Gg r , Co(Gg r )), or respectively over all representations 77 
of the form p2l) where ($ M , UP) is a covariant Hilbert space representation of the C* -dynamical system 
(C {Gg r ), a^-,Gg r ). 

Then the range of the closure of L 1 (G g r , C (G g r )) w.r.t. the norm \\.\\ u is called the flux transformation 
group C* -algebra C* (G g r ,Gg r ) for a set S of surfaces and a graph T. 

Moreover, C*(G^ r ,G^ r ) is isomorphic to the C* -algebra IC(L 2 (Gg r , ug r )) of compact operators. The 
C* -algebras C* (Gg r , Gg r ) and K,(L 2 (Gg r , pg r )) are Morita equivalent C* -algebras. 

Proof : Step A.: Existence of the flux transformation group algebra for a graph 
The convolution "-algebra C(Gg r , Go(G^ r )) is given by the convolution product 

{Ft * Fj?)(p Sl (7i), ps N {lN), PsAli), Ps n (in)) 

dfi((ji),...,ps N (lN))F r -{p Sl (7x),. ..,ps N (7n),PSi (7i), -,Ps n (in)) 



f t(ps 1 (h) 1 ps 1 (h),---,Ps n (in) 1 Ps n (in),Ps 1 (h) 1 p Sl (li), Ps n (in) 1 Ps n (in)) 

and involution 



Fr(p Sl (7i), ■■;Ps n {in),Ps 1 {h), Ps n (in)T = F(p Sl (ji) 1 ,-,Ps ! *('Yn) 1 ,Ps 1 (7i) \ Ps n (in) x ) 
Equipp the convolution *-algebra C(G g r , Co(Gg r )) with the ||.||i-norm, which is defined by 

\\Frh 

dp((7i) 5 -.Ps JV (7Jv)) sup |F r (p Sl (7i), -,Ps n {7n),Ps 1 (7i), Ps„(in))\ 

r (/>s 1 (7i).---.£s JV ("w)) 

eG s.r 

and complete the algebra to the Banach *-algcbra L 1 (Gg r , Co(Gg r )). 

Set T-Lt '■= L 2 (Gg r , Go(G^ r )). Assume that, the surface set has the simple surface property for a graph T 
and all paths lie below and are outgoing. Let U^- £ Rep(G^ r ,K.(Hx<)), F r £ C(Gg r , Gg r ). Then the map 

i"j^(Fr)#(psi (71), -,Ps n (in)) 

d M (PSi (7i ) ) • • • d m(Psv (In) ) 



F r (psi (71), -;PS N (in);PSi (7i), •••,Ps A r(7/^))^(pf ! r)#(Ps' 1 (71), -,Ps N (In)) 
d M(PSi (71)) - d m(P5„ (7jv ) ) 

G s,r 

F r (p Sl (71 ),••■•, Ps N (7N ) ; Ps (71 ),■■■, PS (in ) ) (psj (71 ) PSi (71 )>••-, Psv (7/v ) Ps„ (tat ) ) 



*A norm |.| of 21 is called Z^-norm decreasing if ||7rj(/)|| < ||/||i for all / G 21. 
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defines a *-homomorphism 717 : C(G sr ,G sr ) — > £(Hr), which is extended to a *-homomorphism from 
C(G^ r ,Co(Gj r )) to £(Hr)- Therefore this defines a * -representation of C(G S r , C$(G § r )). Furthermore, 
it extends to a * -representation of L l {G s r , Cq(G s r )) on "Hr- The representation is faithful, since from 
7r Ar . i -(.F'r)V'r = Ft * tpr = it follows that, Ft = holds. Clearly this investigation carries over for arbitrary 
surface sets, which have the simple surface intersection property for T. 

Step B.: Isomorphism between C* (G s r ,Gg r ) and K{L 2 {G§ r , fig r )) 

Secondly 717 (Fr) is Hilbert-Schmidt if ||7r/(Fr)|| \ < 00, which is verified by the following computation 

\Kx {Fr) ^ = I- d ^PsA r )) f d M^r( r )) 

\F T (ps 1 (71), ■-, Ps N (in);ps 1 (ti)" 1 ^ (71), Ps N (Tw)" 1 ^ (7w))| 2 

which is finite for every Ft <G C*(Gg r , Gg r ). Consequently TT^^-(C(Gg r , G^ r )) is a subset of the Hilbert 
Schmidt class K,Hs{L 2 {Gg r )), which is a dense subspace (w.r.t. in the usual operator norm) of the C*- 
algebra JC(L 2 (Gg r )) of compact operators. Hence the closure of n^^-(C(Gg r , Gg r )) is equivalent to 

JC(L 2 (Gg r )) in the operator norm and equality of the G*-algebra 7r^-(C(Gg r , Go(Gg r )) and JC(L 2 (Gg r )) 

is due to the fact that, n N +- is faithful. 

1, l 

Step C: All non- degenerate representations of L 1 (G g r ,Go(G g r )) are unitarily equivalent to tt^- 
To show that, there is an isomorphism between the categories of representations of C*(Gg r ,Gg r ) and 
fC(L 2 (G g r )), which is isomorphic to the representations of C, on a Hilbert space. This is equivalent to the 
property of G*(G_§ r , Gg r ) and JC(L 2 (Gg r )) being Morita equivalent G*-algebras. 

Step 1.: two pre-C* -algebras 2lr,2$ and a full pre-Hilbert ^-module £t 

Assume that, the surface set has the simple surface property for a graph T and all paths lie below and are 
outgoing. Let U^- £ Rep(G^ r , JC{%t))- 

Consider the pre-G* -algebras Sir = C(G g r , G s r ) and *B = C. Moreover, let £t = C C (G S r ) be a full pre- 
Hilbert C-module, which is defined by the C-action ttr on C C (G S r ), i.o.w. irR(\)tpT — VtA, and the inner 
product 



Step 2.: full right Hilbert ^-module £t 

The completition of £t is a Hilbert C-modulc. 

Step 3.: left-action o/2lr on £t s.t. £t is a full left pre-Hilbert 2lr -module 
The left-action of 2l r on £ T is defined by F T ipT '■— 7r j V ^-(-Fr)V'r and therefore 

{^X ( F r)#) (p Sl (7i ) , • • • , PS W (7w) ) 

d A i s,r(/ 3 s,r( r )) i;i r(ps 1 (7i) J ----,Ps N (in); PsAliT 1 PsAli), Ps N {in)~ 1 Ps n {in)) 

G s,r 

V , r(/3s 1 (7i),-,/3s w {In)) 
and for F*^ := nf^-(F*)ipr 

(■Jrf t (F^T)(p Sl M,-,PsAlN)) 

d Ps.r (Ps,r ( r ) (ps 1 (71 ) , • ••, Ps N (jn)) 



L 



G S,1 

F T {ps 1 (7i)P5 1 (7i) _1 ,--,/3s 1 (7iv)ps J v(7/v) _1 ;Ps 1 (71), -;Ps N {in))* 



L 



d Ps,r(/>s,r( r ))MPSi(7i) 1 PsAli), Ps n {in) 1 Ps n ("/n)) 

G S,r 

Frips! (7i) _1 , ■-, PSi (7iv) _1 ; PS! (7i). Ps« (7jv)) 
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and there is a C(Gg r x Gg r )-valued inner product on C C (G§ r ) given by 
(4>r,tpr)c(G Sj ,xG s r ) 

■= (priPspi^Vrips! {ji)- 1 Ps 1 (71), Ps N {1n)~ 1 Ps N (jn)) 

Notice C(Gg r x G§ r ) C C(Gg r , G§ r ). Consequently C c {Gg r ) is a full pre-Hilbert 2lr-module. 
Step 4--' full left Hilbert %-module Ey 

The completition of £r is a Hilbert C* (Gg r ,Gg r )-module. 

Step 4- : Sir -*B-imprimitivity bimodule £r 

Step 4.1: 

Derive 

J G 

{i>r,F T (j>r)c= _ d PsAPsA r )) /_ d Ms,r(Ps,r( r ))Vr(/5si(7i), -,Ps n (7n)) 

^ G $,r ^ G s,r 

F r(Ps ,r( r )i / 5 s,r( r ))'/ , r(p5 1 (7i)pSi (71), Ps« {1n)ps n (7jv)) 
= /_ d ^s,r(Ps,r( r )) /_ d M5,r(P5,r( r ))V'r(p5 1 (7i) _ V5 1 (7i),--,P5 J v(7A r ) _1 /5s J v(7w)) 

"' G s,r "' G s,r 

F r(ps, r (r); p Sl (7i) _1 ASi (71), -, Ps N (7jv) _1 Ps n (7Ar))<MPs,r( r )) 
= /_ d -"s,r(Ps,r( r )) /_ d M5,r(P5 : r( r ))V'r(p5 1 (7i) _ Vs 1 (7i) J -- J P5 J v(7iv)" 1 /5s J v(7w)) 

( F r(Ps, r (r);p Sl (7i) _ V5 1 (7i),----,Ps J v(7iv)"V5 J v(7A r )))0r(/55 !r (r)) 
(^r,F r <pr)c= _ d PsAPsA T )) I d Ms,r(A§, r (r)) 

•^ G s,r ^ G s,r 

V>r(PSx (7i) _1 ASi (7i), Ps N (jn^PSn (7jv)) 

F r (Pg,r ( r ) ; PSi (7i )Ps 1 (71 ) " 1 , • • • • , PSn (in)ps n (7a0 ~ 1 ) 

Mps,A t )) 

for F r G C(G§ r , G_§ r ), Vr,^r G G c (G_§ r ) and 

(A7/> r ,0r>c( G Sr , G Sjr ) = (VT,A>r)c(G s>r , G s>r ) = (Vt, Vr) C (G Sr ,G s>r ) 

for A e C and ipr, <Pv G C c (Gg r ). 
Step ^.jg; 

^r(Vr, ¥>r)c = TTitUVr, ¥>r)c)0r = (</>r, ipr)c(G S:T ,G S:r ) < Pr = ^/(('/'r, V'r)c(G Sr , G Sr ))¥'r 
for 4>v,ifc,ipT G £. 
S"iep 5.: Morita equivalence 

Hence conclude that, the C*-algcbras C*(G§ r ,G s r ) and C are Morita equivalent. Moreover, for two 
Morita equivalent G*-algebras there is a bijective correspondence between the non-degenerate representations 
of those two G*-algebras. Consequently all irreducible representations of the *-algebra C(Gg r , Go(G^ r )) 
are unitarily equivalent to 7r ] V -^-- Clearly for different unitarily inequivalent irreducible representations of 

G^ r , there are different inequivalent irreducible representations of C{Gg r , Co{Gg r )), which corresponds, 
therefore, to possible superselections of the system. Remark that, every non-degenerate representation of 
the compact operators K,(%t) is equivalent to a direct sum of copies of the identity representation. Hence it 
follows that, every non-degenerate representation of G*(G^ r ,Gg r ) is equivalent to a direct sum of copies 
of 7r^- ®m x U^-, where $m is the multiplication representation of Go(Gg r ) on Hr- 
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To summarise the Generalised Stone- von Neumann theorem |3.9| states that, there is a bijective correspon- 
dence strongly continuous unitary representations of a group G sr on the C* -algebra C{%y) and elements 
of Mor(G*(G^ r , G s r ),/C(%r))- This correspondence preserves direct sums and irreducibility. 

Furthermore, all unitary representations of Gg r on Cq(At) for surface sets, which have the simple surface 
property for T, are naturally elements of the multiplier algebra M(C*(Gg r , Gg r )). Or equivalently all 
unitary representations of G$.r for a surface S having the same surface intersection property for T are 
naturally elements of the multiplier algebra M(C* (Gs,r,Gs,r))- Clearly the closed linear span {U (ps,r(F)) ■ 
Ps,r(r) G Gg r } of all unitary representations of Gg r on the G*-algebra C(G§ r ) forms a G*-subalgebra of 
M(C*(G Sr ,G Sr )). 

In the next investigations the question is what happen if different surface sets are used for the construction 
of the flux transformation group G*-algebra. In particular is there a generalised von Neumann theorem 
available? 

For a simplification the following identifications are used. The flux group Gg r is identified with G N . Then 
the following coset spaces (or space of orbits) are defined by the sets 

G N /G := {{p Sl (7i)as(7i), Ps N (in)ps(in)) ■ Ps G G s ,r, Ps, G <Sg r , 

Psili) = Ps{l 3 ) = 9s G G; 1 <i,j < N} 
G N \G := {(p s (li)psAli), ■■■,Ps(jn)ps n (jn)) Ps G G s ,r, pSt & G S r , 
Psili) = Pshj) =9s eG;l<i,j <N] 

whenever S is a surface set with simple surface intersection property for T and 5* has the same surface 
intersection property for T. 

The space G N /G 2 is identified with G 2 /G 2 x G N ~ 2 , which is given by 

G 2 /G 2 x G N - 2 := {(P5 1 (7i)Ps 1 (7i),Ps 2 (72)Ps 2 (72),P5 3 (73).-,P5 n (7a')) : 

Ps^G S r ,p Sl e<G Sir ,Vi = l,2;i=l,...,JVand {p §1 (71), Ps 2 (72)) G G 2 } 
= G N - 2 

whenever S is a surface set with simple surface intersection property for T and S := {Si, S2} has the simple 
surface intersection property for {71,72}- The space G 2 /G x G N ~ 2 is derivable as 

G 2 /G x G N ~ 2 := {{p Sl (7i)ps(7i), Ps 2 (72)^(72), Ps 3 (73)---,Ps„(7w)) : 

PSi G (Gj, r , Vi = 1, N; ps € G s ,r and p s ( 7fc ) e G.Vfc = 1,2} 

whenever S is a surface set with simple surface intersection property for T. 
Or more general define 

qN iqN-M _ qN-M iqN-M x qM 

■= {(ASi {ll)Ps 1 (7l), PS N -m (1N~m)PS n _ m (7N-M), PS N -m+i (iN-M+l), PS N (In)) ■ 

Ps, G G S>r ,p Si € G 5ir and (p Sl ( 7l ), p Sw _ M (tjv-m)) G G w - m } 

or 

G N ~ M /G x G M 

■= {(PSi(7l)Ps(7l): ••■,PS JV -M(7A r -J\/)Ps(7JV-A/),PS JV -M + i(7Af-A/+l), ...,ps n {in)) ■ 

Ps, G <Gs ;r ,As G G s , r , (pg, (71), - , Pg N _ M (7n-m)) G G w - m and 
As(7i) = Psi.l 3 ) G G i,i = l,...,iV} 

for suitable surface sets S 1 and S and a surface S. Hence the coset G N /G w_1 of a group G w and a closed 
subgroup G N ~ X is the set 

G JV /G W-1 = g N-1jqN-1 x G 

: = {(Ps 1 (7i)Ps 1 (7i),--,Ps JV _ 1 (7A'-i)Pg J v_ 1 (7w-i),PSiv(7Jv)) = 

Ps, G G S r ,ps t € G 5 r and (^(71), As^Ctjv-i)) G G^ 1 } 

for suitable surface sets S and S 1 . For suitable surface sets S, S and a graph T the following theorem is 
derivable. 
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Theorem 3.10. It is true that: 



(i) the algebras C {G N /G^ 1 ) x G N and C^G 1 *- 1 ) are Morita equivalent C* -algebras (for N > 1). 

(n) The algebras C (G N /G N - M ) xi G N and C*(G N - M ) are Morita equivalent C* -algebras (for N > 1 and 
1<M< N) 



Proof : In the following the case (ii) is considered 



Step 1.: two pre-C* -algebras 2lr>5$r and a full pre-Hilbert 58 -module £r 

Set N be equivalent to |r| for a graph T. Let 2t r = C{G N ,G N /G^ 1 ) be the dense subalgebra of 
C*(G N ,G N /G N - 1 ) such that C(G N ,G N /G^- 1 ) is a pre-G* -algebra. Similarly let «B r = C{G N - 1 ) be a 
dense subalgebra of G^G^" 1 ) such that C(G N ~ r ) is a pre-G*-algebra. Identify G N /G*" 1 with G. 

The full pre-Hilbert C(G N ~ 1 )-module is given by G C (G JV ) and the right action V'r/r := ^(/r)^, which is 
of the form 

K R {fc)4>r ■= / d^(p 5i (7 1 ),...,ps jv i (7j V _ 1 )) 
Jg™- 1 

ipr {pSi (7i)Ps t (7i ) , •••> Ps„-i (7iv-i )ps H -i (7jv-i) > Ps« (tat ) ) 
/r(PSi (7i),-.Ps w _ 1 (7jv-i)) 

7rfl(/r)# := / d/i(p§ (7i),...,p§ (7Ar-i))/r(Ps 1 (7i).-)Ps N _i(7JV-i)) 

^Mps! (7i)PS! (71)" 1 . Ps«-i (7jv-i)p§ jv _ 1 (7iv-i)~\ As* (7jv)) 

for Vr G G C (G JV ) and / r € C(G jy - 1 ). The C(G JV " ^-valued product on C C {G N ) is given by 



Jg n 

0r (PS! (71 )PSi (7l) , - > P5jy-i (7iV-l)Ps w _ 1 (iN-l) , Ps N (in)) 

Step 2.: full right Hilbert ^-module £y 

The competition of C C (G N ) is a Hilbert C(G Ar - 1 )-module. 

Step 3.: left-action ttl o/2tr on £t s.t. £r is a full left pre-Hilbert 

Then there is a pre-Hilbert C(G N , G)-module is given by C C (G N ) and the left action F r ipr ■= n L (F r )tpr, 
which is of the form 



ttl (-fr)Vr := / dp(p s ("/ N )) / dp(p Sl (71), •», Ps N (In)) 
Jg Jg n 

Ft (ps (in )' : PSi (li)psi (7i) _1 7 •••) Ps N (in)ps n (in)^ 1 ) 

«/'r(ps 1 (7i),-,PS JV (7Jv)) 



dp(p s (~/ N )) / d/i(p Sl (7i), ...,ps n (in)) 

G JG N 

Ft (ps (tat) ; Ps x (7i ) . • •• > Ps„ (7at ) ) 

^r(ps! (7i)~ 1 P5' 1 (7i), Ps N (in)' 1 PSn (in)) 



where ps(li) = Ps(lj) for i, j = 1, ...,7V and 



^l(Fy)iPt-= dp(p s ( lN )) dp(p Sl (li),.:iP S N(lN)) 
Jg Jg n 

Ft (ps(in); PSi (7i)Asi (ti) _ \ -> Ps« (7Ar)Ps« (7A0 -1 ) 

Vr(PSi (71), -tPsAlN)) 



= / d^(ps(7w)) / d^(p Sl (7i),...,p Sjv (7Ar)) 
Jg" 

^r(ps(7w);P5! (71), -,Ps n (7n)) 

V'r (psx (71 )PSi (7i ) : - j Ps„ (7at ) Ps„ (7jv ) ) 
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for F r G C(G N , G) and Vr € C C (G N ). The C(G W , G)-valucd inner product on C C (G N ) is equal to 
("4>r,(l>r)c(G N ,G) 

■= / d m(ps! (7i), -, PSjv (7w))Vt(ps! (7i)~ 1 Ps 1 (71), -, Ps« (7w)" 1 p5„ (7iv)) 
MAsi (71), ■■■,Ps{jNy i Ps N (in)) 

for #> r eCc(G^). 

5<ep 4- : ^ir -^r-imprimitivity bimodule £r 
Step 4.1: 

(V'r/r, <Mc(g~,g) = (n r( f r)4>r, <f>r) c(G N ,G) 

= / dM(PSi(7i) ) -)Ps JV (7Jv)) / <*m(Ps(7jv)) / d^(p Sl (71), Ps« (7jv)) 
jg n Jg Jg" 

Vt(ps! (7i) _1 PSi (7i)Ps! (7i), -, Ps N -i (7iv-i) _1 Ps N -i (7iv-i)p§ JV _ 1 (7jv-i), Ps„ (7jv) _1 Ps w (7at)) 
/r(Ps! (7i), Ps^ (7iv-i))<Ar(ps 1 (7i)" 1 Ps 1 (71), Ps„ (7iv)~ 1 Ps(7w) _1 Ps JV (7jv)) 

= / d /i(p Sl (7l), -,PS N (lN)) / d/i(ps(7Jv)) / d/i(p Sl (7l),-,P5 J v(7iv)) 

Jg« Jg Jg» 

Vt (psi (7i )PSi (7i ) , • • • , Ps N -i (7jv- 1 )ps N _ 1 (7jv- 1 ) , Ps N (In)) 



/r(Ps 1 (7i),-,Ps JV _ 1 (7JV-i))<?ir(ps 1 (7i),-,Ps(7iv) 1 P5 JV (7w)) 

dAi(Ps 1 (7i),---,Ps JV (7A r )) / dp(p s (j N )) / d p(p Sl (71), -,Ps N (7jv)) 
g n Jg jg™ 

(PSi (71 ) , • • • , PS N - ! (7jv- 1 ) , Ps N (in ) ) 



/r(PSi(7i) 1 >->Ps N _ 1 (7iv-i) 



</>r(PSi (7i)P5 1 (7i) _1 ,-,Ps JV -i(7w-i)Ps J v-i(7w-i) _1 ,Ps(7w) _1 P5 N (7jv)) 
= ("0r,7ri?(/f^)0r)c(G«- 1 ) 
= (ipr,<j>rfr)c(G N -i) 



and 



(Vr,-Fr0r)c(G N -i) = ( - 0r,7TL(i ; r)0r)c(G«- 1 ) 



= / d^(ps(7w)) / dp(ps 1 (7i),-,Ps N (7Jv)) / d / u(p Sl (7i),...,p SN (7iv)) 
Jg Jg» Jg" 

ipr(psi(7i), -,PSn (lN))F r (ps(lN);ps 1 (71), -,Ps n (7n)) 

</>r(PSi (7i) _1 PSi (7i)Ps! (7i), -, PS™-! ^at-i) -1 ^-! (7jv-i)ps n _ 1 (7jv-i), Ps n (7jv) _1 PSjv (7jv)) 



(VT,i ? r0r) C (G«-i) = / ^p(Ps(1n)) dp(p Sl (ji), p Sn (1n)) / d//(psi(7i),-,Ps JV (7iv)) 
Jg jg™ jg" 

(PSi (7i ) PSx (71 ),■■■, Psv (7jv ) Ps N (in )) Ft (Ps (in ) ; Psi (71 ) > • ■ • , Ps N (in ) ) 

</>(Ps 1 (1i)Ps 1 (1i),~,Ps n (1n)Ps n (1n)) 

= (^L(Fr)ipr,(/>r)c(G N - 1 ) 

= (^rV , r,0r)c(G«- 1 ) 
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Step 4.2: 

The following is true 

(/)r(^r,¥'r)c(G«- 1 ) = Tr((VT) <pr)c(G«- 1 ))<A 



r 



dM(pg 1 (7i),- J P§ JV _ 1 (7JV-i)) / d/i( / 5 5l (7i),..., / 5 5jv (7 A r)) 

G N-1 J G N 



<^r(ps 1 (7i)Ps 1 (7i).-)Ps W -i(7iV-i)PS JV _ 1 (7JV-i),Ps JV (7iv))V'r(Ps 1 (7i)> Ps„ (7iv)) 
<Pr (ps x (7i )PSi (7i )>•••: Ps N _! (7iV-i)Ps JV _ 1 (7iv-i ) , Ps N (jn)) 

dM(/°s 1 (7i),- ) Ps N _ 1 (7JV-i)) / d/i(/5s 1 (7i),--,/5s J v(7w)) 

G JV-1 J G N 



< / , r(Ps 1 (7i)/5s 1 (7i),---,Ps JV _ 1 (7JV-i)Ps J v- 1 (7iv-i),Ps J v(7w))V'r(/5s 1 (7i)> Ps N (jn)) 
<Pt (p Si (7i)PSi (7i) , • • - , PSn-x (in-iIPSn-i (7n-i ) , Ps N (7iv)) 

^r, ih)c(G» ,G)<Pr = xi,({4>r,'4>r)c(G N ,G)) l Pr 

d/i(p s (7jv)) / d/x(p Sl (7i),...,/5 Sjv (7^)) / d/i(ps 1 (7i),...,p Sjv (7iv)) 

JG« JG™ 



<Ar(psi(7i) 1 Ps 1 (7i), -,PSh('Yn) 1 Ps JV (7w))V'r(ps 1 (7i) I Ps(7at) 1 Ps„(7w)) 
<Pr (p^ 1 (71 )PSx (71 ) , • • •, Psl (In) Ps N (in)) 



= / d/i(p s (7jv)) / d/i(ps 1 (7i),...,ps JV (7Jv)) / d/i(p Sl (7i), ■•■,Ps N (7Af)) 
jg Jg™ Jg« 

</>r (psi (7i ) " 1 Psi (7i ) , ■ • ■ , Ps N (in ) ~ 1 Ps (in ) Ps N {In )) V>r (pSt ill ),-, Ps N (in)) 

<Pr (Psi (7i )Ps 1 (71 ) , Psi (1n)ps (in)ps n (jn ) ) 

for (f> r , ip r ,tp T € C C (G N ). Then 

0r(V'r,^r)c(G«- 1 ) = (0r,-0r)c(G«,G)<Pr 
since the properties of the surfaces and paths force the identity 

dp(Ps x (7i) ! -,Ps„_ 1 (7jv-i)) 

QN-l 

</r (p Sl (li)Ps 1 (71) . - , Ps w _! (7w-i)ps w _ 1 (7JV-1), /5 Sjv (7at ) ) 
<Pr (Ps x (71 ) PSi (71 ).-, Ps„ - 1 (7iV- 1 )ps N _ ! (7iv- 1 ) , Ps N (in ) ) 



dp(ps(7iv)) / d/x(p Sl (7i),...,/5 Sjv (7 JV )) 
( PSi (71 ) " 1 PSi (71 ) i ■ • ■ , Ps N (in ) ~ 1 ps (in ) ps N (in ) ) 

<Pr (Psi (71 )PSi (7l) , PSil (7JV )P5 (7JV ) PS„ (lN ) ) 



dp(ps(7iv)) / &p(ps 1 (h)t-iPs n (in)) 
Jg n 

<fc(pS! (7l) _1 PSi (7l), PS«-i (7jv-i)~ 1 Ps jv --i (7iV-l), Ps™ (In)) 

1 Pr(Ps 1 1 (7i)Ps 1 (71), Ps*_, (7n)ps N -i (in-i),Ps n (in)) 



The case^is derivable for the dense subalgebra 2l r := C(G N , G M ) of C*(G N , G M ) such that C(G N , G M ) is 
a pre-C* -algebra. Similarly, let Q3 r = C(G N - M ) be a dense subalgebra of C*(G N ~ M ) such that C(G N ~ M ) 
is a pre-C*-algebra. Then C C (G N ) is a full left Hilbert C(G N 1 G M )-modvle or full right Hilbert C(G N ~ M )- 
module. Moreover, C C (G N ) is a 2lr-^8r-hriprimitivity bimodule. 



3.3 The non-commutative holonomy and the heat-kernel holonomy C*-algebra 
for graphs and a surface set 

Assume that, the configuration set Ar of generalised connections is naturally identified with G' r '. Consider 
the convolution algebra C(Ar)- Observe that, the convolution product is for example for a graph T := {7'} 
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defined by 

(/r * fcrXMY)) = / d Air (flr(7'))/r(0r(7'))fcr(0r(7')~ 1 t)r(7')) 

.Mr 

The non-commutative holonomy C*-algebra for a graph is given by the object C*(Ar) and reduces 
in the case of a compact Lie group G to the following object. 

Remark 3.11. In the case of a compact group G the holonomy algebra C*(Ar) for a graph T is equivalent 
to a C* -algebra of matrices. 

The new algebra is given by the infinite matrix algebra 
M r :=(g) M <7i (C), 

where G is the dual of G, 7r Si7i is a representation of G associated to a path 7,; and d sni is the dimension of 
the representation fts.^. Finally, the inductive limit of a increasing family of matrix algebras Mr^ associated 
to graphs is considered. 

For an inductive family {Ti} of graphs there is an injective * -homomorphism /3r.r' : G*(Ar) ^ C*(Ar>) for 
all Vr < T > v ■ This * -homomorphism is for example given for a subgraph T :— {7} of V := {70 7'} by 

(/?r,r'(/r))(f)r(7)) := JWM7 ° 7')) 

Consequently, there exists an inductive family of C* -algebras {(C*(Ar), Pr,T') '■ 'Pr < 'Pt'}- 

An increasing family of finite matrix algebras are used to define UHF (uniformly hyperfinite) algebras, which 
are often used in quantum statistical mechanical systems. Furthermore, some of these algebras lead to KMS- 
states, which are fruitful states such that the dynamics of Loop Quantum Gravity is implemented. For further 
discussion refer to JH [771 [T^. 

Clearly, a similar algebra for the flux group and the flux transformation group C*-algebra is constructed for 
generalised connections. In this case the holonomy transformation group C*-algebra C*(At,At) is called 
the heat-kernel holonomy C* -algebra. 

4 The holonomy-flux cross-product C*-algebra for surface sets 

After the considerations of algebras generated by either quantum configuration or quantum momentum 
variables, algebras generated by both quantum variables simultaneously is studied in this section. 

There is no particular holonomy-flux cross-product C* -algebra generated by all group- valued quantum flux 
operators and certain functions depending on holonomies along paths. But there exists a bunch of holonomy- 
flux cross-product C*-algebra associated to a finite graph system and many different suitable surface sets. 
These algebras are developed in section |4~T) The existence of this variety is the consequence of the following 
facts. 

The group-valued quantum flux operators associated to certain surfaces and a graph T form the flux group 
associated to a surface set S and a graph T. These elements are implemented as point- norm continuous 
and automorphic actions on the analytic holonomy C* -algebra Co(^4r) restricted to the finite orientation 
preserved graph system V?. For a short notation the analytic holonomy C* -algebra Co(Ar) is abreviated by 
the term analytic holonomy C* -algebra associated to the graph T. It is assumed that, the configuration space 
is naturally identified with G' r '. Then the elements of the flux group are represented as unitary operators 
on the Hilbert space Hr, which is given by L 2 (Ar,Hr)- 

For each automorphic action of a certain flux group, which has been presented in {9] Section 3.1], [71 Section 
6.1], a holonomy-flux cross-product C*-algebra is constructed. Precisely, an automorphic action a of the 
flux group r on Cq(At) defines a holonomy-flux cross-product C* -algebra associated to the graph T and 

the surface set S. This C*-algebra is denoted by Cq(At) x q Gg r . 

There are many different possible actions of flux groups depending on a surface or a surface set. For example 
in [9l Lemma 3.16], [Jj Lemma 6.1.16] there is the point-norm continuous automorphic action ah- of the flux 



31 



group Gs,r associated to one suitable surface S on the analytic holonomy C* -algebra Co(-Ar)- Moreover, the 
action a^- is defined for a flux group associated to a set S of surfaces, which has the simple surface intersection 
property for a finite orientation preserved graph system associated to a graph T. In the following these two 
actions are often used. 

Finally, there is an algebra, which unifies all cross-product algebras associated to a graph and differ- 
ent suitable sets of surfaces. This algebra is given by th e mu ltiplier algebra of the cross-product algebra 



Cq(At) x a N G_^ r of a certain surface set S. In theorem 



4.12 



it is proven that this algebra contains the 



cross-product C*-algebra associated to the graph T and suitable surface sets and every Weyl element, which 
is obtained by the unitary representation of flux groups associated to the graph and suitable surface sets. 

The inductive limit of the inductive families of holonomy- flux cross-product C* -algebras is studied in section 
|4.2| There the inductive limit C* -algebra is derived from the inductive limit of C* -algebras restricted to 
finite orientation preserved graph systems. This algebra is called the holonomy-flux cross-product C* -algebra 
(of a special surface configuration S) . 



4.1 The holonomy-flux cross-product C*-algebra associated to a graph and a 
surface set 

For the development of such a cross-product algebra generated by holonomies along paths and quantum 
fluxes the following Banach *-algebra is fundamental. 

Definition 4.1. Let S be a set of surfaces with same surface intersection property for a finite orientation 
preserved graph system associated to a graph T with N independent edges. Furthermore, let (C?s r , Ca(Ar), ot) 
be a C* -dynamical system defined by a point-norm continuous automorphic flux action a of G_g r on the 
analytic holonomy C* -algebra Cq(At) associated to a graph T. 

The space L 1 {G g r , Go(*4r), ex) consists of all measurable functions Fr ■ Gg r — > Cq(At) for which 
\\Fr\\i ■= dfi§ r (p Sl ('yi),..;Ps N (7N))\\Fr(psi(li),-,Ps N (lN))h < 00 

•^ G s,r 

yields whenever ps £ Gg r . 

Proposition 4.2. Let S be a set of surfaces with simple surface intersection property for a finite orientation 
preserved graph system associated to a graph T. Furthermore, let (G_§ r , Cq{A\), ex^-) be a C* -dynamical 

system where a^- £ Act(Gg r , Co(Ar))- 

Then the multiplication operation between functions in L 1 (G^ r , Cq(At), a ^-) : 

(F T * / , r)(ps 1 (7i), Ps n {1n)) 
/ d fsr(Psr( r )) 

iPs iT (T)) (of (pf, r )(^r)) (Ps 1 (nr 1 Ps 1 M,-;Ps N (lN)- 1 Ps N hN)) 



G s,r 

F r[ 



whenever p S r (T) = (p Sl (ji), Ps n (in)) =■ Pg r , PS^PS, € G $y 
the involution on L 1 {Gg r , Co(Ar), a ^-): 



F T (p Sl ( lx ),...,p SN ( lN ))* = (4(pf, r )(^r + )) (Ps 1 M~\ PsA^ 1 ) 
where the involution + on Co(Ar) is given by 



FriPSiilt) ,-,Ps n (in) ) ■= F r (p Sl {ji) 1 ,... 1 ps n {jn) x ) 
turn i 1 (G_§ r , Co(Ar), a <r) a Banach * -algebra. 
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In particular let S be a surface having the same surface intersection property for a finite orientation preserved 
graph system associated to a graph F. Then the action ak^ is defined in [51 Lemma 3.11] or Lemma 6.1.11] 
for a graph T and the convolution product reads 

(F T * F r ){p s (ji)) 

d/i(p 5 (70)fHps(7<)) («^(Ps,r)(^r)) (Ps'Mpsfri)) 

(23) 

= / d j u(ps(7i))- F r(ps(7i);f)r(7i),- J f)r(7iv)) 

^r(Ps 1 (7i)Ps(7i);/'s(7i)^r(7i) ! ••••> As(7i)*)r(7;v)) 

for any i = l,..,N. Since it is true that, ps(li) — Psilj) = 9s G G yields for all i,j = 1, ...,JV. Clearly, 
this convolution algebra equipped with an appropriate involution and norm forms the *-Banach algebra 
L l (G s ,v,C {Av),aL). Notice that, the *-Banach algebras L x (G s ,t,Co(At),oM) for 1 < M < N exists. 

Indeed, there are a lot of different Banach * -algebras depending on the choice of the set of surfaces S. Let 
S has the same surface intersection property for a graph L such that each path 7$, that intersect the surface 
Si, lie above and ingoing w.r.t. the surface orientation of Si. There are no other intersection points of each 
path 7j with any other surface Sj where i =/= j . Then for the map F? : Gg r — > Cq(At) write for the image 
of this function F T (p Sl {"f\), Ps n (.Jn)) = FriftSiiKi), —> Ps n (in); t)r{ji), —, f)r(7Jv)) and derive 

(Fr*F r ){p Sl (7i),...,p Sjv (7^)) 
d M5,r(Ps,r( r )) 

iPg,A T ^ ( a w(pf ir )(^r)) (ps x (7i)~Vsi (7i), ■■■;Ps n (in)~ 1 Ps n (in)) 



Ft 



Hence for a redefined convolution product and involution the *-Banach algebras L 1 (Gs i r, Co(-4r), o-m) f° r 

1 < M < N are studied. Furthermore, it is also possible to construct the *-Banach algebras L 1 (C?5 ! r, Co(Ar), a^-' M ) 

for 1 < M < N and other algebras of that form for a modified convolution product, which is given in general 

by 

(F r *F r )(p SiV (T)) 

dp S r (p S r (T))F r (p Sx (T)) (a(p Sr (T))F r ) (L(p s ^(r)" 1 )^ >r (r)) 

whenever pg r (L) = (p$ 1 (71), ps N (7jv)); P§ r> P~s r ^ ^5 r and a modified involution 

^(Ps,r( r )) = «(/>s,r( r )) (*r G^rF) -1 )) 

is used whenever a 6 Act(Gg r , Cq(At))- Hence, for all well-defined C*-dynamical system (Gg r , Slpj ot) 
there exists a general Banach *-algebra L 1 (G^ r ,2lr, «)• 

Theorem 4.3. Let S be a set of surfaces with simple surface intersection property for a finite orientation 
preserved graph system associated to a graph F. Furthermore, let (Gg r , Co(Ar), £*<--) be a C* -dynamical 

system where a^- £ Act(G§ r , Co(Ar)) ■ 

There is a bijective correspondence between non-degenerate L l -norm decreasing *- representations ir of the 
Banach * -algebra L 1 (Gs,r, Cq(At), at*?-) and covariant representations (3>Mj U(t) of the C* -dynamical system 
(G §r ,C (A r ),a^) m£{U T ). 

This correspondence is given in one direction by the fact that, the representation ofL l (Gs,r, Cq(At), a *j-) 
is defined by a covariant pair ($m, via 

N it? \„/, / a.. I JV \fr (jr /N \\ttN 1 N 



7T^(F r )#:= / dp Sr (pl r )^ M (F r (p'l r ))U^(pl r )^ 
Jg s r 

whenever p 1 ? r € G§ r , Fr G L 1 (Gssi Cq(At) , ct^) and ipr £ Hr> 



33 



The other direction is given by the definition of the covariant pair ($ M ,UE) through the maps 
F r : pV r ^ FrOfp and 

4(pf, r )(^r) : P% r » (a£(/f )(F r )) (i((p| r )^)(pf, r )) such that 

<S>M(fr)nf t (F r )n := nf^frF^Q 

where ft denotes a cyclic vector for TT^^-(C(Gj r ,Co(Ar))), fr € Go(^4r), p 1 - r , p 1 ? r € G^ r and 

F r € L^Gs^CoC^r),^)- ™s bisection preserves unitary equivalence, direct sums and irreducibility . 

The reduced holonomy-flux group C* -algebra C*(Gg r , Cq(At)) associated to a graph T and a set 
S of surfaces is defined as the norm-closure of L 1 (G5 i r, Co(Ar), a^-) with respect to the norm \\Fr\\ ■= 
ll^(F r )|| 2 . 

With no doubt there are a big bunch of reduced holonomy-flux group G* -algebra C*{Gg r , Co(Ar)) for 
different graph systems and different sets of surfaces. 

Definition 4.4. Let S be a set of surfaces with simple surface intersection property for a finite orientation 
preserved graph system associated to a graph T. 

Then the Weyl- integrated holonomy-flux representation w.r.t. a finite orientation preserved graph 
system associated to a graph T and a set S of surfaces is given by 

^i)(Wr = / d Hr {p §T {Y))^ M (Fr(Ps tT (T))) Z7(p^ r (r))^ r 

•' G s,r 

for F r G C*(G §iT ,C (A r )), P§A T ) e G s,r> U e Rep(G g r , JC(L 2 (A r , Mr))) and fa e L 2 {A r ,Pr)- The 
Weyl-integrated holonomy-flux representation it is a * -representation of the C* -algebra C* (Gg r , Co(Ar)) 

with a norm inherited from the representations ""^'/gj 071 L 2 (Ar, Mr)- The representation f^'^ * s a ^ so denoted 
by $ M xi U. 

Proposition 4.5. Let S be a set of surfaces with simple surface intersection property for a finite orientation 
preserved graph system associated to a graph T. Furthermore, let (G_§ r , Go(-4r), atff-) is a C* -dynamical 
system. 

Define for each Fr € C(G § r , Go(-Ar)) the norm 
\\F T \\ U :=sup{||($M * U£)(Fr)\\} 

where the supremum is taken over all covariant Hilbert space representations (3>m, U*^) of the C* -dynamical 
system (Gg^,C Q (Ar),a<t). 

Then \\.\\ u is a norm on C(Gg T ,Co(Ar)), which is called the universal norm. The universal norm is domi- 
nated by the \\.\\i-norm, and the completition of C(G g r , Co(Ar)) with respect to \\.\\ u is a C* -algebra called 
the holonomy-flux cross-product C* -algebra of Co(Ar) by Gg r for a finite orientation preserved graph 
system associated to a graph T and a set S of surfaces. Shortly this algebra is denoted by Cq(At) ^a^. Gg r - 

Notice that, for a surface S having the same surface intersection property for a finite orientation preserved 
graph system associated to T, the L 2 (Ar, /ir)-norm of an element Fr G Go(-4r) x Q i_ Gs.r is given by 

ll4 , (S)( Jr r)^||a=/ / d Ms ,r(ps(7i))dMr(f)r(r)) , 

J A r JG s ,r (24) 
|/r(psT(7,);l)r(r))Vr(i(ps(7 l ))(f)r(7i)),-,i(Ps(7 l ))(f)r(7 J v)))| 2 
whenever ps(ji) = Psilj) =Js£ Gs, r for i ^ j and 1 < i,j < N. 

The general holonomy-flux cross-product algebra G (*4r) >i a G^ r for an action a € Act(G^ r ,C (Ar)) is in 
the case of a locally compact group G a non-commutative and non-unital G*-algebra. 

Refer to the definitions of resticted graph-diffeomorphisms presented in [7J Definition 6.2. fO] and consider 
the non-standard identification of the configuration space Ar with G' r '. 
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Proposition 4.6. The state ui^,*. on Co(Ar)^ a « Zs r associated to the GNS-representation (Hp, 71 ' 1 ' 1 \ ,,0i^ r «.) 

b(i>) <f- ^i 1 ' E(S) E(S) 

is not surface-orientation-preserving graph- diffeomorphism invariant, but it is a surface-preserving graph- 
diffeomorphism invariant state. 

Notice that, 

Cx a(Ps,r(r)) ^ a(p s .r(Ta)) ° (a 

holds for every bisection a £ ©("Pj!) and p$x € G^ r . Therefore, it is necessary to restrict the holonomy-flux 
cross-product G*-algebra to Co Mr) x Q « Zg v 

Proof : Let (i^r^r) be a graph-diffcomorphism on Vr over Vr, which is surface orientation preserving. 
Then investigate the following computation: 

w E(^( V r,*r)(- F r)) 

dAtr(ljr(*r(7i)). ftr(*r(7Jv))) dA*3,r(*Vr(Si)(*r(7i))i •••> Pv>t(s n )(^t(in))) 

,r 

|^ r (p^ r (r <T );p i , r (r CT )- 1 [ )r (r CT ))| 2 

dMr(^r(7i) I --vf)r(7w))dMs,r(Ps 1 (7i) I --- I Ps„(7A'))l- F r(P5 1 (7i) I --- I Ps JV (7a0)| 2 

s,r 

I I < ip r (t}r{li),--.,t}r{lN))dfj, Sr (ps 1 (-/i),.-.,ps N hN))\Fr(ps 1 {li),--,Ps N (lN))\ 2 

J At JG St 

whenever (fr(St) = Si, Si G S for all 1 < i < N and T CT = ($r(7i), ■ $r(7iv))- Clearly for tfr(Si) = Si the 
invariance property is easy to deduce. 



The different possibilities of orientation of surfaces and the graphs allow to define a bulk of automorphic 
actions and G*-dynamical systems for the holonomy algebra CoMr)- Therefore, speak about different surface 
configurations with respect to graphs and define many different holonomy-flux cross-product C*-algebras. For 
example there are the following holonomy-flux cross-product G*-algebras constructable: CoMr) ^ail ^§ 2 r> 

Co Mr) x Q « G s r , C Mr) * S G §r r , G Mr) * t$ G s r , G Mr) X % M G s r and G Mr) * t, M G§ r 
whenever 1 < M < N and for a set {Si} of suitable surface sets. 

If the tensor G*-algebra C Mr)®C Mr') is used, then the G*-algebra G Mr) x Q « Gg r <&C Mr') ^o^' C§ r , 
with respect to the minimal G*-norm is constructed. 

Observe that, a generalised Stone - von Neumann theorem presented in [26j Theorem 4.24] is not achievable, 
since the objects Gg r and Ar are not identified in general. It is necessary to distinguish between the two 
objects, since the holonomies are independent whereas the fluxes are dependent on a surface or surface 
set. Nevertheless, if it is assumed that G^ r is identified with G M and Ar is identified with G N , then the 
holonomy-flux cross-product algebra is identified with Cq(G n ) xi^m G M . But a generalised Stone - von 
Neumann theorem is only available for M equal to N. This is the result of theorem |3.9| and theorem |3.10| 

Hence only for M = N the G*-algebra C (G N ) X a u G N is isomorphic to K,(L 2 (G N , p N )). Notice that, the 
state u>£ is now given in this particular case by 



<4(*r)= / / d Mjv (g)d MAr (h)|F r (g,h) 
Jg n Jg n 



for Fr £ Cq(G n ) x q m G n and does not depend on the surfaces anymore. If Gg r for example is identified 

with G^ -1 , then a problem occurs. The Morita equivalent G*-algebra to C Q (G N ) xi q m G m where M < N 

is not of the form C*(G K ) for a suitable K where 1 < K < N. The author does not know any Morita 
equivalent G*-algebra to the G*-algebra C {G N ) x a M G M where M < N. 
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Pedersen [TS1 section 7.7 ] has presented a generalisation of regular representations of cross-products. His 
results are adapted to the case of a set S of surfaces with simple surface intersection property for a finite 
orientation preserved graph system associated to T in the following paragraphs. 

Set : — L 2 {Gz, r , Hr), where this Hilbert space is identified with L 2 {G§ T ) ® I n the following 

investigation the elements Fr are understood as elements of IC(Gg r , Co(Ar))- 

First observe that, &r(Pq r(r)) ^ s an element of T-L T & , if there is a map 

p^ >r (r)^*^ (f)r(r)) ^ r(r)) 

such that ^ r E{§) {p S r {T)) en r - 

Then recall the C*-algebra dynamical system (G§ r , C (Ar),a^-) and the covariant pair (<f> M , of this 

C*-dynamical system. There is a morphism of the C*-algebras, which maps from Co(Ar) to 

and a representation U^- of the group G§ r on the C*-algebra t£(W E Both objects are defined by 



(*£ (/r)^ ( ^) Kr(r)) = $m («f (Pg, r (r))(/r)) ^(^(r)) 



for G ^ } ,/ r e Co(^r) and 



for G Rep(Gg T ,K,(H T - )), P§tiP§v>Pst e ^sr- Then ($M,U-!f) defines a covariant representation 

r - ) 



of (% r ,C (^ r ),<)in/C(^ ) 



Definition 4.7. Let S be a set of surfaces with simple surface intersection property for a finite orientation 
preserved graph system associated to a graph Y . 

The left regular representation of the holonomy-flux cross-product C* -algebra 

Cq(At) X!q« Gj r induced by ($M,%r) is the representation ir^i s on L 2 (Gg r , Wt)), which is expressed by 

{{^{F T ))^ E(S) ){p^ v {T)) = ((($f * C/£)(F r ))*r (S) ) ( PSr (r)) 

(a4(p5,r(n)(W^(r)))) ^ 

r 

for Fr{f)g r (r)) G Co(y4r)> Ps r> P~s r> P$ r ^ ^sr anc ^ ^e(s) ^ ^e(S)' ^ e re P resen ^ a ^ on * s a ^ so 
denoted &y x E/£. 

Then recall a general C*-algebra dynamical system given by (Gg r , C {A~r), a). There is a morphism $^ 
from the C*-algebra Co(Ar) to K.{T-L E ^^) and a representation J7 of the group Gg r on the C*-algebra 
/C(W^,.^.J. They are defined by 



KW/r)^(5)) ( ^,r( r )) := *m (a(p^ r (r))(/ r )) ^(^(r)) 



for £ ^e(s)' f p 6 ^o(-^r) and P§ r ,P§ r G Gg r . Consequently, a general regular representation of 

the holonomy-flux cross-product is given by 

= * (25) 

whenever [/ G Rep((5^ r , /C(K^, fi )) and f T G C (^ r )- 

Until now a unification of the different holonomy-flux cross-product C*-algebras for certain surface sets has 
been not presented. The following algebra plays an important role. 
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Definition 4.8. Let S be a set of surfaces with simple surface intersection property for a finite orientation 
preserved graph system associated to a graph T. 

The multiplier algebra of the holonomy-flux cross-product C* -algebra 

Co(Ar) x » &sr * s given by all linear operators 

M : C (Ar) x Q ™ G Sr — -> C (A r ) x Q « Gg r 

such that for any Fr € Co(-4r) x a N Gg r there exists a Fr <G Co(Ar) x Q w Gg r such that for all 
Ft G Cq(At) x q n Gg r it is true t/iat 

F£M(F r ) = (Fr,M(F T )) _ _ =(F r ,F ri 

\ I Co(A r )^ a N_G s r \ / C (-4r G S r 



In particular, the multiplier algebra of the reduced holonomy-flux group C* -algebra C*(Gg r , Go(-4r)) consists 
of such linear maps M such that for any Fr(ps,r(F)) £ Co(Ar) there exists a Fr(ps.r(^)) G Go(*4r) such 
that for all Fr(ps,r(^)) G Go(*4r) it is true t/iai 



(( 7 r^(Fr(p s ,r(r)))^ ( ^ ) ,4 S (M(Fr(p Sj r(r))))$^ ( ^ ) )^ ] 



E<S) (26) 

r,S/£, / s /-nw\,Trr _r,5/ 



E(S) 



yieZds whenever * r E{Sy * r E{S) € ft^. 



Example 4.1: In 9, Definition 3. 19], Definition 6.1.19] the following map I has been introduced. The 
map / : Co(Ar) — > Cq(At-i) is given by 

I ■ fr i-> /r-i, where (7 o / r )(rj r (7i), f)r(7iv)) : = /r-i (f)r-i (7i) - \ ■••> fa- 1 (7iv) _1 ) 
such that I 2 = id, where id is the identical automorphism on Co(Ar)- 

Consider a suitable set S of surfaces that is contained in the set 5 and let M < N. Note that, if M < N, 
then there is a set of paths T" := T\T' such that each path of this set does not intersect a surface in S. Each 
path in T' intersects only one surface in S at the source vertes of this path. Then Gg r / <r is a subgroup 
of Gg r and is embedded by Gg r := Gg r , x {eo} x .... x {eg} in Gg r . Denote the set of surfaces, which 
has the simple surface intersection property for the finite orientation preserved graph system 7-p/, which is 
contained in S and which is not contained in S, by R. Note that G^ r „ <r is a subgroup of G^ r and is 
embedded by G^, r := G^. r „ x {eg} x .... x {cq} in Gg r . Let R be a set of surfaces, which has the same 
surface intersection property for a path 7' in a graph, which is contained in the finite orientation preserved 
graph system V^, . 

Situation 1 : 

Then there is a G*-dynamical system in which is given by (Gg T -i , Co(Ar-i ), a ^)- Let ($m, 

be a covariant pair associated to the G*-dynamical system. 

Then observe that a¥ = loa^lol- 1 and Ul 1 = LoU^oI- 1 hold. Then (Gg T , C (A r -i), IoaH o J" 1 ) is a 

Ft L Ft L ' Z; 

G*-dynamical system in /C(%LgJ. Respectively, (Gg r, Cb(.4r), ck^j) is a G*-dynamical system in /C(KLgx). 

Note that, if 5 is equal to 5, then S has the simple surface intersection property for the finite orientation 
preserved graph system V^-i and M = iV.Then (Gg r , Go(^4r- 1 ); ^ a <[ I 1 ) an d (Gg r , Cq(At), a^-) are 
two G*-dynamical systems in KCH^^). 

Situation 2: 

Furthermore, there is a G*-dynamical system in K.(Tir £ .^) given by (G^ r , Cq(At), a^-) for K suitable. 
Situation 3: 

There is a G*-dynamical system in £(%g/gp given by (G ji ^, , Cq(A 1 >) , ak^-) . 
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Situation 4 '■ 

Finally, there is G* -dynamical system in JC(H T ^f) given by (G§ T t -1 x G^ r „, Co(Ar), (7 -1 ° ct<£ o7) o a¥~). 
Note that, (J- 1 oa¥ oI)oa£ = a£o (7" 1 o a¥ o I). Reformulate {G§ r> x G* r „, C (A r ), a¥ o a£). 

R L L R ' L L 

For each C* -dynamical system given above there is a cross-product C* -algebra. 



In the following proposition the situation 1 is studied. 

Proposition 4.9. Let T := {T±, ...,Tjv} be a set of surfaces with simple surface intersection property for 
the orientation preserved graph system Vp. Let S := {Si, Sm} be a set of surfaces that is contained in T 
an such that M < N. 

The unitaries U<^(pg r _i (r -1 )), whenever pg r _ 1 (T~ 1 ) G Gg r _i, are elements of the multiplier algebra 
of the C* -algebra Co(Ar) x„» Gf v . Moreover, the elements of the holonomy-flux cross-product algebra 
Co(Ar) XqMoJ Gs p-i are multipliers of the C* -algebra Co{A~r) x a « Gg r . 



Proof. Choose the two surface sets S and f and a graph T such that (Co(Ar), Gg r _i, 7 1 o ajj| o 7) and 
(Go(-4~r), G^ r _i, 7 _1 o o 7) arc two C*-dynamical systems. Then notice that 

(7 1 r*F r )(p Tl ( 7 r 1 ),..., PtAJn')) 
= I d A*sj-i(Ps,r-i( r_1 )) 

JG Sr -! 

F r (p^ r _ 1 (r- 1 ))((7- 1 o4(^ r _ 1 )o7)(7' r )) (p Sl (7r 1 )- 1 PT 1 (7r 1 ),--,Ps ;v (7^)- 1 PT iv (7^ 1 )) 

holds whenever F r G L 1 {Gs ;t - 1 ,Cq{At),L~ 1 oa^ol) and F r G L 1 (G S r - 1 ,C (Ar),I~ 1 °a§ oL). Further- 
more recognize that, 

i^r-^- 1 )) - (7- 1 oaS(^ r _ 1 )o7) (F+^.^r" 1 )- 1 )) 

is true. 
Notice that, 

4(pf. r -0(/r-0(br- 1 (r- 1 )) = (7oaf(pf r )o7- 1 )(/ r - 1 )(tlr- 1 (r- 1 )) 

= a°/r)(^ r (r)- 1 t, r (r)) 
= / r - 1 (O r - 1 (r- 1 )^ r _ 1 (r- 1 )) 

and 

/ d Alr (D r (r))(7- 1 o a I( ( 5f r _ 1 )o7)(.f r )([ )r (r))= / d M r(f)r(r))aI( i 5f r )(/r)(f)r(r)) 



N a r - 
s,r T,r- 



yields whenever / r G C a (Ar) and pV G G^, r . 



Clearly, there is a representation of L 1 (Gg r _i , Go(-4r), 7 1 o o 7) on 77r, which is given by 
^(Wr := / d^ r _ 1 (p^ r _ 1 )$ M (7 1 r (pf r _ 1 ))(7- 1 o f/f (pf^) o 7)^r 
= / d M ^ r (pf r )$ M (F r (pf r ))(C/| f (p| f r ))^ r 

"' G s,r 

where p I g T _ 1 € G^ r _i, 7r G i^Gs.p-i , Co(Ar), 7 _1 o o 7) and tpr € 77r- Then derive that there is an 
isomorphism 1 from L 1 (G Sr ^ 1 ,C a (Ar),I^ 1 ° a| o 7) to L^G^p, G (.4r), a^). 
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Then the Hilbert space L 2 (G g r , p§ r ) is embedded into L 2 (Gf T ,p,f T ). The left regular representation of 
C (Ar) >< q h oJ G§ r _i on L 2 (Gf r ,fif r ) ® "Hr is given by 



Vr))^ (f) )(Pf ,r(r)) = (((*£ x (^ ° t7f ) ° J)(fr))^ (f) ) (Pf ,r(T)) 
:= / d/i^^^Cr- 1 )) 

<&m ((I" 1 o af (Ps.r- (r- 1 )) ° ^(^(Ps.r-. (I^ 1 )))) (I" 1 o C/f (^.r- P" 1 )) ° /)^ (f } (p f , r (r)) 



for Fr^ r-^r *)) e C (^r), Pf,r e G f,r' Pg.r-nPg.r-i e G s,r-i and *s ( s) G ^e(s) 



Set f/^(p fir (r))*r (f)(/0f r(r)) := #r^ (pf r(r)) and (r 1 o ^(^..(r 1 )) o !)fr (f) ( %( r)) := 

^^(pf r (r)). Then the unitarics I^ 1 o U^(p^ r _ 1 ) ° I, whenever p 1 ? r l e Gg r _i , are multipliers. This 
is verified by the following computation: 



-E(T) 

:= ((7r£ f (F r )^ (f } )( Pf r (r)), J" 1 o t/f(p| r _ o 7)(F r )))^ (f } )( Pf r (r))^ 



(tt^ (F r ))* A B(f } )(p f >r (r)), ((tt^ (M,(F r )))^ (f) )(p fir (r))^ 



E(T) 



= ( * ^X^))*^*)) (Pf ,r(r)). (((*£ * ° ^1(^-0° J)(Fr)))*^ (f) ) (Pf .rF))) 

E 

= /_ /_ d^,r-i(P5,r-i( r_1 )) d Mf ,r(Af ( r )) 

($m ((4(p f ^ r (r))(F r ))(p f r (r))) *r (f)(/3f r(r))j 

<fM (((«£ ( Pf>r (r)) o j- 1 o agG^a'- 1 )) o /)F r ))(p f r (r))) 
(r^c/f^jo/j^^tr))) 

E(T) 

= /_ /_ d MiJir _ 1 (^ r _ 1 (r- 1 ))d^ f r (p f (r)) 

($m ((af (p t >r (T))(Fr))iPf , r (r))) ° f/f (p^.J* o J)^ (f )(/9f j(r) ), 

$M(((/- 1 o4(p 5jr _ 1 (r- 1 ))o7oa^(p fir (r)))F r ))(p fjr (r))) ^(^(r))) 

E(T) 

= ( (((*£ x t/f o C/| (pJ r _J* o J)^))*^) ( Pf r (r)), ((($£ x C/f )(F r ))^ (f) ) (Pf ,r(r)))^ r 

E( 

= ((7rJ f (F r ))^ (f))Wr(r))5 (Fr))^ (f) )W, r (r))) w 



E(T) 



holds whenever (I" 1 o C/g(pf r _J* ° J)-Fr := 



Finally each element of the G*-algebra Go(.4r) xi J _ loa s o; Gg r _ x defines a linear map M from G (-4r) xi a « 
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Gf,T to c o{At) x q « Gf.r h y 



((7r^ r (M(F r )))^ )( PfT (r)) 



:= ((n r / (F r * F r ))^ E(f) )(p fr (T)) = ((($£ * Uf)(F r * F r ))*£ (f) ) (p f r (r)) 

= /_ /_ d^ r _ 1 (p i§>r (r))d/i f _ r (pf(r)) 

£ p— 1 JGrjp p 

*m (^(Ps.r-i (r- 1 ))((^ 1 ° ^(Pgr-J o / o af (^ r (r)))(F r ))(^, r (r)- 1 pT,r( r ))) 



^f(PT,r( r ))*£ (f) (Pfj( r )) 



= /_ /_ d^ r (p Sr (r))d Mf r (p f (r)) 

« G Q p « Grp p 

$m (^r(^, r (r))((^(^ r (r)- 1 ) o a^(p t>r (r)))(f'r))(Ps i r(r)- 1 Pf , r (r)) 
U^{p fr {Y))^l {f) (p fT {T)) 

for F r (p j 5 r (r)),F r (/5j. ir (r)) e Co(^r), Ps, r e G s,r> Pfs'Pfs e G fx> Pf,r( T ) (Pf r , e G,---,e G ) € 
G^p and ^/-^ € W^^y Clearly, if the set S is replaced by a set R -1 , which is contained in T, then 
PA-i,r( r ) _1 = ^,r( r ) e %r and «^(PA-i,r( r ) _1 ) = «f (Pi?,r( r )) G 2tut(C (^r)) yield. 

Set (J- 1 o[/^( / 5 5r _ 1 (r- 1 ))o/)*r „ (p f (r)) := *L^(Pf r( r ))- Then M is a multiplier since the following 
derivation is true: 

(((7r^(A-))*^ (f) )W ir (r)),((7^ f (M(Fr)))^ (t) )W,r(r))) 

E(T) 

= /_ /_ d M5r _ 1 (p Sr _ 1 (r- 1 ))d Alf r (p f (r)) 

($ M (af(p fir (r))(Fr))(/3f ir (r)))c/f(p fir (r))*r (f)(/0fr(r))) 

*m (F r (p Sir _ 1 (r- 1 ))((/- 1 oaB(pg r _ 1 )ojoa^(p f , r (r)))(F r ))(p Sir (r)-Vf , r (r))) 
L/f(p fir (r))^ (f) (p fir (r))) w r (#) 

= /_ /_ d M5r _ 1 (p Sr _ 1 (r- 1 ))d A i fr (p f (r)) 



$ M (a^(p fr (r))(Fr))(/3f ; r( r )))*E ( f)(Pf,r( r )) ; 



*M(Fr(p 5 , r _ 1 (r- 1 ))((/- 1 o «5(/f r _ j o / o af (p f >r (r)))(F r ))(p 5 ^(ir 1 /^ , r (r))) 

^ (f) W,r(T))) 

E(T) 

= /_ /_ d^ r (p gr (r))dp fr (p f (r)) 

JG S T JGf r 

($ M (( a |(p f r (r))(F r ))(p fr (r)))^(p f r (r))*r (f)(pf r( r)), 

$ M (Ws,r(r))((al(pf r ) ° «f(Pf >r (r)))(^r))(^,r(r)-Vf ; r(r))) (/3 f , r (r))^ (f) (p f , r (r))) 

E 

= /_ /_ d M5r _ 1 (p Sr _ 1 (r- 1 ))d Alfr (p f (r)) 

p_ 1 Grj, p 

(^((/-^aS^.jo/) (^(p-^^r- 1 )- 1 )) 

*m (af (p f>r (r))(F r )(p f r (r))) *^ (f) (Pf,r( r ))) w 



E(T) 



E(T) 
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□ 

Notice that, the same arguments are used for a surface set T := {Ti, ...,Tjv}, which has the simple surface 
intersection property for the orientation preserved graph system and where Rr 1 := {i?^ 1 , ...,R~^ 1 } is a 
set of surfaces that has the simple surface intersection property for the orientation preserved graph system 
Pp-i- Indeed it can be shown that for all situations of example 4 (Tl except situation 2 similar results can be 
obtained. The situation 2 is not needed in the next theorem and nence is briefly discussed in the following 
remark. 

Remark 4.10. In situation 2 the sets R and S are disjoint. Let T2 and T3 be two disjoint surface sets such 
that the holonomy-flux cross-product algebras are given by Co(-Ar) x t Gf r an< ^ CoWr) x % Gf r . 

Then the elements of these algebras are represented on two different Hilbert spaces ^ '■= L 2 (Gf^ r , p,f^ r )<8 

Hr and H E ^f^ :— L 2 (Gf 3 r , pf 3 r ) <E) Hr- SetH E ^f^ :— L 2 (Gf. r , pf. r ) for i = 2, 3. Hence there are two 
representations ^E(f 2 ) an< ^ ^e^) suc h that ^e(t 2 ) ® ^ECf^) * s a representation on T-L E (f 2 ^ ® ^-e(t 3 )- 
The holonomy-flux cross-product C* -algebra Cq(At) ^ a % Gf 3 r is represented on T~l- E( f j by 

(^(F r )^ Em )(p f3<T (T)) = ((<MF r ) x tfg(/^, r ))*£ (ft) )H,r( r )) 

($ M (^(pl x )(Fr(Pf 3 .A T )))) *s(f 3 )) (^^fs.rCH-^K ,r( r ))) d/^rG^r^)) 

G T 3 ,r 

/or Fr(p ft)r (r)) € C (^r), Pf a , r F),fo 3 ,rF) e %r and e 
Similarly the elements of Co(Ar) r * s represented on H E ^f y 

Now the multiplier algebra of the cross product C* -algebra Cq(At) x Q iv Gf r is studied. First of all unitary 
the identification of M with the map 



elements, i.e. U^(pf 3 r (r)) for pf s r (T) € Gf 3 r , are elements of the multiplier algebra. This is verified by 



n^ T2 (F r ) ^ n^(U§(pf 3 r (r))F r ) G C (A r ) x Q « G^ T 
whenever 7T^i T2 (Fr) £ Cq(At) >^ a N &f r an ^ f T ^ Co(Ar) and the computation 



f J (^)^(f 3 ).f^f(Pr 3 ,r(r))fr)^ (# 

' "\bc*o 



E(T 2 )/ n 

1 -'K J - , Z) 

d Mf2 r (/} f2 (r))($M (c4(p ftir (r))(Fr(An ll r( r ))))^t^,r( r ))*B(ft)0'!fti,r( r )). 

$m ((af( P ^ r (r))oa|( Pf2 ^ 

(T 2 ),/ay 



T/ien s/iow t/ioi ; i/ie holonomy-flux cross-product C* - algebra Cq(At) x § G* r is a subset of the multiplier 

a N 3, 

algebra M(Cq(At) ^a^L Gf 2 r ). TTie multiplier M is assumed to be the map 

C a (A r ) x Q « G^ >T 3 F r h> F r * F r e G (-A r ) x Q « Gj^ 
for a Fr G Co(-4r) x ft r . -Bm£ since L(pf r (r) _1 )(p* r (r)) is not well-defined, the convolution 

CL vy 3 } 3 > 2 j 



(F r *Fr)(^ air (r)) = / d Mf3 r (p f3 r (r))Fr(^ r (r))(a«( Pf3T (r))Fr)(i(p f3ir (r)- 1 )(p f2 r (r))) 



G f 3 ,r 



is not well-defined, too. Consequently, it has to be assumed that either Gf 3 r is embedded into Gf 2 r as a 
subgroup or the other way arround. Clearly the situation 4 is of this form. 
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Remark 4.11. Let S contains only the surface S and let S be a surface set with same surface intersection 
property for a path 7. Then U^(pg 7 (7)) is contained in the multiplier algebra of Go(-4 7 ) x Q j_ Gs i7 . This 
follows by showing that, the map 

C (A 7 ) x Q ^ G s , 7 3 4 S (F 7 ) ^ U^Ps^m^iF^ e C (A 7 ) x a ^ G s , 7 

defines a multiplier map. Furthermore it can be shown that, 

C (Ay) x Q i G s , 7 3 ^ S (F 7 ) ^ ^ s (F r * F 7 ) € G (-4 7 ) x Q i G s , 7 

defines a multiplier map for each function Fr £ Go(-4 7 ) x g Gg 7 . 

Theorem 4.12. Lef S be a set of surfaces with simple surface intersection property for a finite orientation 
preserved graph system associated to a graph T. Let {Si} be a set of sets of surface such that each surface 
set Si is suitable for a finite (orientation preserved) graph system associated to a graph T. 

Then the following statements are true: 

(i) The algebra Co(Ar), the group Gg, r and the group Gg r are not contained in C'o(Ar) x Q iv Gg r . 

(ii) The analytic holonomy algebra Co(Ar) and the unitaries U-^(p^ r (r)) 7 whenever p§ r (L) 6 G^ r 
where 1 < M < N, are elements of the multiplier algebra of the C* -algebra Cq(At) ^a^L ^sr- 

(Hi) The unitaries U^(ps r (r)), U<-' M (pe r (L)), U-± ,M (ps r (T)), U^(ps r r (r)) and so on, whenever 
Pg r (r) £ G^ r where 1 < M < AT and aiZ i, 

are elements of the multiplier algebra of the C* -algebra Go(*4r) x Q « G^ r . 

(iv) The elements of the holonomy-fiux cross-product algebra Go(-4r) ^a^L ^s 2 r are mu ^ip^ er s of the C* - 
algebra Cq(Ay) x q n G§ r . 

(v) Moreover, all elements of Cq[Ay)^ tGg r , Go(-4r)x i|Gs r , Go(-4r)x Q A/G_5 r , Go(-Ar) x a MGe r , 
Go(vAr) x ^ m Gg r and Go(.4r) x M G<^ r /or 1 < M < N are contained in the multiplier algebra 

the C* -algebra Go(-4r) x q n Gg r . 
Proof : The proof is similar to proposition |4.9| and remarks |4.10| and |4.11| 



In [TU], [7J Section 8.2] the Lie algebra- valued quantum flux operators Es(T) for different surfaces S are 
considered. Similarly, they are not contained in Go(-4r) x Qi Gg r or Go(-4r) x QR G^ r , but they are 
affiliated in the sense of Woronowicz [27] . 

Remark 4.13. If the action of the flux group G g r onCo(Ar) is assumed to be the identity, then Co(Ar) Xjd 
Gg r is equivalent to Co(Ar) ®max G*{Gg r ) where ® m ax denotes the maximal C* -tensor product. 

4.2 The holonomy-flux cross-product C*-algebra for surface sets 

Let G be a compact group and Fr G G*(G^ r , C(Ar))- Recall the Weyl-integrated holonomy-flux represen- 



tation n'^ s (F r ) = ($Af x U^)(Fr) of the G*-algebra G(„4r) x qN Ga r presented in equation (|4.4|). Consider 
a *-homomorphisms /3r,r' from C(Ar) x Q « Gg r to C(Av) x Q « Gg r , which satisfies 

0r,r'((*w x )(F r (f)r,Ps,r( r )))) = * )(Fr'(f)r',P S , r (r'))) (27) 
whenever L < L'. Then there is an inductive family 

{(G(^ r J x Qi GsT.^r^r,) /?r,,r 3 : *- homomorphisms s.t. /3 r ,,r 3 = ^r 4 ,r fe °A\,r\i for L 4 < T fc < Tj} 
of G*-algebras derivable. 
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Definition 4.14. Let Y^ be the inductive limit of a family of graphs {Yi} such that each graph Ti of the 
family has the same intersection surface property for the set S (or the set S) of surfaces. Set \Ti\ — iVj. 
Then V£ is the inductive limit of an inductive family {Pp . } of finite orientation preserved graph systems. 

The holonomy-flux cross-product C* -algebra 21 x Q ^ Gg (of a special surface configuration S) is an 
inductive limit C* -algebra lim C(ArO ^ a N i Gs.Fi of the inductive family of C* -algebras given by 

V Ti €V L 

{(C(^ r< ) x aL GsFitPruTj) Pr u T 3 ■■ * - homomorphisms s.t. = Pr u r h °/#r fc ,rj for Tj < T k < Tj} 
completed in the norm (where elements of norm are devided out) 

\\F\\ := ^JPr^iPrMr, for F Vi G 2l r< * a *, % r , (28 ) 

with H^rJIri := sup„. E || 7r£7(-f*r i ) II 2 where the supremum is taken over all non-degenerate L 1 -norm decreasing 
* -representations of L l (G§ r , C(Ar i ))- 

Proposition 4.15. Let Y^ be the inductive limit of a family of graphs {Yi} such that each graph Yi of the 
family has the same intersection surface property for the set S (or the set S) of surfaces and such that there 
is only a finite number of intersections of S and all graphs in Too. Set = iVj. Then Pp^ * s ^ e inductive 
limit of an inductive family {Pp 1 . } of finite orientation preserved graph systems. Denote the center of the 
inductive limit group Gg by Zg. 

The state ^e{S) on ^ ^ a t a ssociated to the GNS-representation (^r»^jL^» S^g/gJ is not surface- 
orientation preserving graph- diffeomorphism invariant, but it is a surface preserving graph- diffeomorphism 
invariant state. 

Proof : This is deduced similarly to proposition |4.6| 

■ 

Theorem 4.16. The multiplier algebra M(2l xi Q ^ Gg) of the holonomy-flux cross-product C* - 
algebra 21 x a ^- Gg contains all elements of the holonomy-flux cross-product C* -algebra of any suitable 
surface set S in S. 

Proof : This is derived by using theorem |4.12| 



5 The holonomy-flux-graph-diffeomorphism cross-product 
C*-algebra 

In this section the holonomy-flux cross-product C* -algebra is enlarged further such that the new C*-algebra 
contains in a suitable sense the finite graph-diffeomorphisms. Hence, this algebra contains some constraints 
of the theory of quantum gravity. This is one further step to the aim of the project AQV. Notice that, the 
construction in this section is restricted to surface-preserving graph-diffeomorphisms, but the development 
can be generalised to surface-orientation-preserving graph-diffeomorphisms. The latter are necessary for the 
interplay with the quantum flux operators. 

Recall the C*-dynamical system (2$(Pr)> Co(Ar), C) defined in Section 3.2], Prop osition 6.2]. Similarly 
to the construction of the Banach *-algebra L 1 (G^ r , Co (A~r), C) m subsection 4.1 the Banach *-algebra 
^(5^ surf CPr)i Co(Ar), C) is developed in the next paragraphs. 

Due to the fact that, the number of subgraphs of Y generated by the edges of Y is finite, there exists a finite 
set 25^ o (Pr) of bisections, such that each of bisection is a map from the set V? to a distinct subgraph of 

r such that all elements of Pr are construced from the finite set CPr)- Call such a set of bisections a 

D,or v ' 

generating system of bisections for a graph Y. 
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The function i^r.CB is contained in Z (93^ urf (Pr) ; Co(-^r), C) if -Fr.<8 satisfies 

H^r.Blli := E ll^(f)r(r; ! ))||2<oo 

i=l,...,fe r 

Then the product of two elements F r ^, i^r,<8 G ^(®| surt (^r),Co(ir)iC) is defined by 

s.s-esr aurf CP r ) 

(7*2 ^ — ^ 

and the involution is 

There is a * -representation vrf « of Z 1 («B^ .(P r ), C (^r), C) on Z 2 (<B^ . ("P r ), G (yir), C) given by 
^,<b(*ivb) = E ^r, B (f)r(C))C/(()r(C)) 

where f/(()r(r^)) = 5 a and <5 ff (f) r (rt )) := 5{\) T {T' a ^)). 

Lemma 5.1. Let gurf (7>r) := Wi e ®(Pr)} i<;<fe &e a subset of^BiVr) that forms a generating system 
of bisections for the graph T. 

The integrated * -representation tt^ eg of ^(^g surf (^r)) Co(*4r)j £) is non-degenerate. 
Proof : This follows from the fact that, 7r[ s (^ r ,«(M r 0)Mf)r( r ')) = ^r,<8 (f)r( r '))- 

■ 

Since 05^ s rfC^r) * s fi n it e ~dimensional and discrete, the reduced holonomy-graph-diffeomorphism group C*- 
algebra coincides with the holonomy-graph-diffeomorphism cross-product C*-algebra Go(^4r) ><c®£ r f^ r ^' 

But this algebra does not contain any flux variables. Hence recall that in proposition Proposition 6.2.15],[5J 
Proposition 3.39], it was shown that, the triple (^B(Vr^), W(G^ r ), C) °f a surface preserving group ^(Vr^) 
of bisections, a C*-algebra W(Gg r ) associated to a suitable set S of surfaces and a graph T is a C*-dynamical 
system in £(W r ). 

The pair (<I>, V), which consists of a morphism $ 6 Mor(W(Gg r ),C(T-lr)) and a unitary representation V 
of «B(P r S) on £(H r ), i.e. V" e Rep( s B(P r S), /C(H r )) such that ' 

*(Ca (W)) = V(a)$(W)V*(a) 

is a covariant representation of (S('PrS), W(G^ r ), £) in £("Hr)- 

Lemma 5.2. Let S be a set of surfaces with same surface intersection property for V . Furthermore, let 
2^ sur fC^'r) := {c( € < B(7 , r)}i<;<fe be a subset o/QS^r) that forms a generating system of bisections for the 
graph T. 

Then the triple (*33§ surf (P r S), G (^ r ) x a % r >0 

is a C* -dynamical system in C{TL). 

Proof : Set T = {71, ...,7/v}, r CT = {71 o-(ui), ...,7jv ° f(t>jv)}. 

Let F r : G C (Z§ r ) G (-Ar) and denote the image of Fr(pSi(7i)j ■•■,Ps 1 (7i)) b Y 
•Fr(ps! (71), -,Ps n {1n)\ f)r(7i), &r(7iv))- Notice that, 

(Co-Fr)(P5fi(7i)) ->Ps t (71)) 

= ^r„(Ps 1 (7i ...,p Sjv (7Ar o cr(wAr)); f)rv (71 •••> f)r„(7Af f(«iv))) 

holds. Clearly this defines a point-norm continuous automorphic action. 
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Proposition 5.3. Let S be a set of surfaces with same surface intersection property for T. Furthermore, 
let ®§ surf CPr) := Wi G < B{T~'r)}i<i<k be a subset o/2$("Pr) that forms a generating system of bisections for 
the graph T. 



The pair {^^gyV) * s a covariant pair of the C* -dynamical system (2$^ s ^ (Vr^), Co(-4r) » a Zg r ,£) in 
C(U). 



Proof : Take the * -representation of C c (Zg r , Co(-4r)) on Hr and a regular representation of 

05^ t CP r S) on H r to observe that, 

5, surf v 7 7 



d P§,r (PSi (7i) j Ps N (In)) (C*F r ) (p Sl ( 7l ),..., PSn (-y N 
d M3,r(ASi(7i o-(«i)), ...,p Sjv (7at o a(v N ))) 

Fr(pS! ill ° 0-(vi)), ...,pS N (7N ° CT(wAr)))^ (i§) 

d P§,r(PSi (7i ° ->Asv(7;v ° ff("Jv))) 



Fr(ps! (7i o-(ui)), ...,ps N {jN o ct(ujv)))F ct *0^ (i§) 
yields if = f(7i) for i = 1, ...,N. Consequently, (tt"!-,', 1 ^, V) is a covariant representation. 



In proposition 4.6 it has been shown that, the state u E (g) 01 C (Av) x Q Zg p is graph-diffeomorphism 
invariant in general. There is a finite surface-orientation-preserving graph-diffeomorphism and hence a 
2$£ sur fCPr) -invariant state of Co(Ar) x n r on Hr given by 



whenever a € surf CPr) and J" r g £ C (-4r) x a r - 



Proposition 5.4. Let S be a set of surfaces with same surface intersection property for T. Furthermore, 
let ®£ surf (^r) := {<?i € 23("Pr)}i</<fc be a subset of^B(Vr) that forms a generating system of bisections for 
the graph T. 

The space 'H^g surf (^r), Cq(At) x a -2j r , C) is defined by all functions F T g : surf Cr) ^ Co(Ar) ^ a Zg T 
for which 

H^r.slli= E ll^r,*( ff ( i (7i)),-,ff(*(7Ar)))||2<oo 



is trite 

, " /; "" : " / '" / ''^.surfVAV^o^iv ^a^-s,r 

(Gr,s*^r,s)( ff W7i)),-^W7w))) 



TTie convolution * -algebra Z 1 (23^ f CPr)> Co(-^-r) -^sr'O * s P resen t e d by the multiplication 



G r S (o-(t( 7l )), CT (i( 7 ^)))C ff (^((cr" 1 * <0(*(7i)), * ^)(i(7Jv)))) 



45 



and the involution 

r; s {a{t{ ll )),...,a{t{ lN ))) = UT vS ^ 

where the involution * o/Z 1 (*B^ surf CPr), Cq(At) ^c,Z^ r ,() is inherited from the involution * of Cq(At) ^ a 
Z s,v 

J* tS (v(tM), o-(t( lN ))) = a(p s (T)) (j-+ g (a(t( 7 i)), .... a(t^ N )); p Sl M~\ Ps N ^iv)" 1 )) 

and 

^sWtM), -,a(t( lN ));p Sl ( 7 i)-\ PS N (In)- 1 ) 

= - 7r r,s( cr ( < (7i)),---,cr(t(7Ar));ps 1 (Ti)^ 1 , •■•,P5 JV (7A r )^ 1 ) 
where the map 

(a(i( 7l )), a(t(7iv))) -> ^r,s( ff (*(7i)), *(*(7jv))) 
defines an element in Pffig gurf C^r), Co(Ar) x Q 2j r ,(), f/ie map 

(cr(t(7i)),...,CT(t(7iv));ps 1 (7i) _1 I •■• J P5 JV (7A r ) _1 ) ^ -Fr.sM*^))) -,<7(i(7Ar)); ASi(7i)~\ Asw^iv) -1 ) 
defines an element in C {A~r) x Q Z§ r and, finally, the map 

(CT(t(7i)),...,o-(i(7Ar));p 5l (7i) _1 ,--,Ps JV (7A')~ 1 ;f)r(7i),--,t)r(7A r )) 

' ^ •7 7 r „s( CT (*(7i)).->°'(*(7iv));Ps 1 (7i)^ 1 ,-,Ps JV (7w)~ 1 ;f)r(7i) J - J f)r(7Ar)) 

defines an element in Co(.4r)- 

The space ^(^Sg SU rf^ r ^' ^°(-^ r ) ™ a ^sr>0 * s a we ll-defined Banach * -algebra. 

Definition 5.5. Let S be a set of surfaces with same surface intersection property for T. Furthermore, let 
^£ surf (^ r ) := "f cr ' ^ ^H^rOlixKfc a subset of*B(Vr) that forms a generating system of bisections for the 
graph T. 

Let (T^'Jgo V) &e a covariant representation of (Q5| surf ('^'r), Co(-4r) x -Zg r , £) m C(Hr)- 
Define the integrated holonomy- flux- graph- diffeomorphism representation of 

Tj,a»(J 7 r,5(^(*(7i)),-,^(t(7Jv)))) = E ^)(^r,s,>(*(7i)), a(i( 7J v))))^ 

CT easg surf (PrS) 

= E 7r ^ ) (- 7 Y,s( 5 i'-' <J Jv))^( (y i'-'M 

i=l,..,N 

such that the sum is over all paths Si, which start at t(ji) and Si e Vr^- 

Definition 5.6. Let S be a set of surfaces with same surface intersection property for T. Furthermore, let 
®§ sur f(^ > r) : = € < B(7 , r)}i<;<fe be a subset ofBiVr) that forms a generating system of bisections for the 
graph T. 

The reduced holonomy -flux- graph- diffeomorphism group C* -algebra (7*(Q5^ f (Pr), Co(.4r) 
Zg r ) o/ a graph T and a set of surfaces S is defined as the closure o// 1 (Q5^ surf {Vr), CoC^r) x a Z§ r , C) 
in i/ie norm ||.Fp£|| := 1 1 tt/.oj (-^r s)H 2 " 

Proposition 5.7. Lef S be a set of surfaces with same surface intersection property for T. Furthermore, 
let ®| surf C^r) := {o~i € 2}("Pr)}i<;<fc &e a subset of*3(Vr) that forms a generating system of bisections for 
the graph T. 
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Suppose that («B| surf (7>r), C (A r ) x a Zg r ,0 in C(H) is a C* -dynamical system and that for each 
Fr e l ^H.suJ V ^ C ^) %r>0 define 

\\J~ r g\\ '■= sup 1 1| (ir x V A )(J r r g)|| :(7r,F) is a covariant representation of (93^ surf CPr)> Co(-^r) x Q -Zg r ,C)} 

TTien |.| is a norm on ^(^Sg surf (^r), Co(-4r) x a Zg r ,C) called the universal norm. The universal norm 
is dominated by the \\.\\±-norm, and the completition of ^(VBE surf i'Pr), Gq(At) x q Z§ r ,C) iwi/i respect to 
\\.\\ is a C* -algebra. This C* -algebra is called the holonomy- flux- graph- diffeomorphism cross-product 
C* -algebra (^Co(Ar) x Q Z s r) surf^ 1 ") associated to a graph T and a set S of surfaces. 

In Propostion 3.32] or 7, Proposition 6.2.2], it has been argued that, there are several C*-dynamical 
systems available for the analytic holonomy C*-algebra and the group of bisections. This is used to define 
a bunch of holonomy-flux-graph-diffeomorphism cross-product C-algebras, which are constructed from C*- 
dynamical systems. These cross-product C*-algebra are exterior equivalent, too. Clearly there is a multiplier 
algebra of the holonomy-flux-graph-diffeomorphism cross-product algebra associated to a graph and a set of 
surfaces is derivable. The author of this article suggests that it can be proven that, the different holonomy- 
flux-graph-diffeomorphism cross-product C-algebras are contained in this multiplier algebra by using similiar 



arguments used in the proof of theorem 4.12 The construction of the inductive limit C* -algebra of a family 
of C* -algebras defined above is not mathematically understood very well until now. A detailed study of 
these objects is a further project. 



6 Comparison table 

The Weyl C* -algebra for surfaces and the holonomy- flux cross-product C* -algebra associated to a certain 
surface set are constructed from functions depending on holonomies along paths of a graph, and the strongly 
continuous unitary representation of the quantum flux group for surfaces. In contrast to the Weyl algebra, 
where the group-valued quantum flux operators are implemented as unitary operators, the elements of the 
holonomy-flux cross-product C* -algebra are operator- valued functions depending on group- valued quantum 
flux variables for surfaces. In both cases these operators are represented on Hilbert spaces. 





Weyl C*-algebra for surfaces 


holonomy-flux cross-product C* -algebra 


ingredients 


set of fin. set of surfaces S 


set of fin. set of surfaces S 




G locally compact group 


G locally compact group 


inductive family of 


fin. graph systems 


fin. orientation-preserved graph systems 


config. space 




-4r 


assumption 


natural or non-standard identific. of 


natural or non-standard identification of 




a set of independent paths in 


a set of independent paths in 


mom. space 


the flux groups G§ r or G g r 


the flux groups G g r or G g r 


Hilbert space 


H T ■= L 2 (A r ,dfi r ) or 


Hr ■= L 2 {A r ,d^r) or 




Hoo := L 2 (A,&Hoo) 


Hoo ■= L 2 (A,d Moo) 

Kis) ■■=L 2 (G Sx , HtT )®'Hr 


representations 


$ M eRep(Co(Ar),r(«r)) 


* A f eRep(C (Ar),£(Hr)) 




left regular representation 


Weyl-integrated holonomy-flux repres. 




of the flux group 


of the holonomy-flux cross-product *-alg. 




Ue Rep(G S r ,/C(-H r )) 


tt 1 ^ e RepiL^G^CoiAr)),^)) 
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* -algebra 


Weyl algebra generated by 






Cq{At) and {U £ Rep(Gg r , /C(ftr))} 


LHGsj^o^r)) 


completion w.r.t. 


A/ , /^r j-norm 


universal- norm 


o -aigeDra 


-iueyip, 1 ) 








multiplier algebra of Co(-4r) x a Gg r 


induct, limit C*-alg. 


Weyl(S) 


G(„4) x Q (G compact) 


state 


unique and pure state Com on SHeyl^^) 


state on G(„4) x Q Z_§ s.t. 




s.t. Co M ° C(*,¥?) = 


^E(S) ° C(*,y) = ^E(S) 




V($, <p) certain diffeomorphism 


V($, y) certain diffeomorphism, which 






preserve the surfaces in S 
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